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MA-T31 MATHEMATICS-III __ 

Lectures Tutorials Practical 
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13 1 0 
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Course Objectives: 

1. To provide the concepts of functions of a complex variable, conformai mapping, 
complex integration, series expansion of complex functions, Harmonic analysis 
and Fourier series. 

2. To make the students understand and work out problems of constructing analytic 
functions, conformai mapping, bilinear transformation, contour integration and 

_ expanding functions into Fourier series including Fiarmonic analysis. _ 

Course Outcomes: 

On successful completion of the module students will be able to: 

1. Understand the concepts of function of a complex variable and complex 
integration and apply these ideas to solve problems occurring in the area of 
engineering and technology. 

2. Expand functions into Fourier series which are very much essential for application 

_ in engineering and technology. _ 

Unit I 

Function of a complex variable: Continuity, derivative and analytic functions - Necessary 
conditions - Cauchy-Riemann equations (Cartesian and polar rorm) and sufficient 
conditions (excluding proof) - Fiarmonic and orthogonal properties of ar alytic function - 
Construction of analytic functions. 

Unit II 

Conformai mapping - Simple and standard transformation^ like w = z+c, cz, z 2 , e z , sin z, 
cosh z and z+1/z - Bilinear transformation and cross ratio property (excluding Schwarz- 
Christoffel transformation). Taylor’s and Laurenfs theorem (without proof) - Series 
expansion of complex valued functions - classification of singularities. 

Unit III 

Complex Integration: Cauchy’s integral theorem and its application, Cauchy’s integral 
formula and problems. Residues and evaluation oi residues - Cauchy’s residue theorem - 
Contour integration: Cauchy’s and Jordan’s Lemma (statement only) - Application of 
residue theorem to evaluate real inte grais - unit circle and semicircular contour (excluding 
poles on boundaries). 

Unit IV 

Fourier Series: Dirichlet s conditions - General Fourier series - Expansion of periodic 
function into Fourier series Fourier series for odd and even functions - Flalf-range Fourier 
cosine and sine series - Change of interval - Related problems. 

Unit V 

Root Mean Square Value - Parseval’s theorem on Fourier Coefficients. Complex form of 
Fourier series - Fiarmonic Analysis. 

(Total: 60 Periods) 

Text Books: 

1. Veerarajan T., Engineering Mathematics for first year, Tata-McGraw Hill, 2010. 

2. Venkataraman M.K., Engineering Mathematics, Vol. II & III, National Publishing 

Company, Chennai, 2012. _ 

Reference Books: 

1. Kandasamy P. et al, Engineering Mathematics, Vol. II & III, S. Chand & Co., New Delhi, 
2012 . 

2. Bali N. P and Manish Goyal, Text book of Engineering Mathematics, 3rd Edition, Laxmi 
Publications (p) Ltd., 2008. 

3. Grewal B.S., Higher Engineering Mathematics, 40th Edition, Khanna Publishers, Delhi 
2007. 

4. Erwin Kreyszig, Advanced Engineering Mathematics, 7Th Edition, Wiley India, 2007. 
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Bernoulli’s Formula 


r 

I uvdx = uv l -u v 2 + u"v 3 -u m v 4 h— where u', u", u m , 

are successive differentiations and v l ,v 2 ,v 3 , are successive integrations 

Integration by Parts J udv = uv - j vdu 
Gamma Integrais 


1 . r(n) = Jx” l e X dx 


2 r(n + l)= nT(n)= n\ 


3. r 






= 4n 


Trigonometry Formulae 

1. sin 3 0 = ^ [3 sin0 - sin30] 


3. sinA cosB = [sin(A + B) + sin(A 


vv 

\-B)] 4 


cr 


<ò 


s 3 0 = [3cos0 + cos30] 


1 


. cosA sinB = — [sin(A + B) - sin(A - B)] 


5. cosA cosB = — [cos(A +sB) + cos(A - B)] 6. sinA sinB = — [cos(A - B) - cos(A + B)] 
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UNIT-I 

FUNCTION OF A COMPLEX VARIABLE 


1. Cauchy Riemann equation 


õU ôV 

(i) —:=— (or) U x =V y 
õx õy 


ÔU ÔV 

(ii) — = (or) U y =-V x 
õy õx 

2 . Polar form of Cauchy Riemann Equation 


(i) 


õV 1 õU 


õr 


rõO 


(Ü) 


õU 

õr 


\ÕV 

rõO 
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3. Milne Thomson Method 


(i) IfUisgiven, f(z) = ^[u x (z,0)-iu y (z,0)]dz+c 

(ii) IfVisgiven, f(z) = j[u y (z,0) + iu x (z,0)]dz + c 

UNITII 

Bilinear Transformation 


(i) co = , ad—bc ^ 0 

cz + d 


(ii) Cross ratio formula : 


. ((O-( 0^(02 -co 3 ) _(z-z l )(z 2 -z 3 ) 


i«\ - co 2 )(co 3 - co) (z, - z 2 )(z 3 - z) 

UNIT III 

COMPLEX INTEGRATION 


1. Green’s Theorem 


2. Cauchy’s Integral Theorem 


dxcly 




& 


lf f(z) is analytic and /'(z) is continuous insi 


js inside ana on a 




simple closed curve C, then 


J / (z)dz = 0 

3. Cauchy’s Integral Formula 

lf f(z) is analytic withi ■ and c i a simple closed curve C & ‘a’ is any point inside C then 

f(a) = — — dz the ntegration around C being taken in the positive sense. That is, 

2 7 Ú *. z - a 


0 


(i) lf the point z = a lies within C, then 


\^-dz = 2mf(a) 
J c z-ci 


1 j ? / \ 

(ii) lf the point z = a lies outside C, then -í—— dz = 0 

2/ri J c z - a 

4. Cauchy’s integral formula for derivative of an analytical function. 


/■(«)= 


fiz) 
2/ri J (z-a) 2 


dz 
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/»=^I 


2! r fiz) 


2ni J c (z - a) 


dz 


rw-^í 


n\ r fiz) 


\ n+1 


dz 


2ni çiz- a)" 

5. Binomial series 

(l-z) -1 =1 + z + z 2 + z 3 +...CC where |z|<l 

(l + z) -1 = l-z + z 2 -z 3 +...00 where |z[< 1 

6. Residues at a pole 

[R«/(z)]„„ =2-7 {—dz 

2 ni J c z - a 


7. Cauchy’s Residue Theorem 

lf f(z) is analytic at all points inside and on a simple closed :urve C expect at a finite number of 


d ".urve C e>" 


fò 


poles ZpZj,. z„ within C, then J/(z)ífe = 2;ri [ sum of residues of f(z)] at z = z v z 

C 

That is, j f(z)dz = 2m{[Resf(z)]_ +[R esfiz)\, =Z2 +.+ [R esfiz)\ z= 

c 

8. (i) Contour integration around the un í circle 

2 71 

Integral type : J f(cos0,sin0)d0 


2 ’.' 


dz 


T 


z = e , d0 = — , sin# =— 
iz 2 i 

(ii) Contour integration round the semicircle 


r 

„ 1 

r 

z — 

, cos6' = — 

z + - 

z_ 

2 

z_ 


u. 

Integral type: J f(x)dx where f(x) 


gjx) 

h(x) 


R 

J f(z)dz = J fix)dx + jfiz)dz 

c -R r 

Note : I lim zfiz) = 0, lim [ f(z)dz = 0 

z— R->a J 
C 
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(iii) Integral type : J f(x)cosmxdx (or) J f(x)sinmxdx When /(x)->Oaçx^a 

-a -a 

UNIT -IV 

FOURIER SERIES 

1. Fourier series of a f unction f(x) with period 2 n and 21 - 


Fourier series in the interval (0, 2 n) and (-k n) 
with period 2 n 

d 00 00 

f(x) = ^- + ^ a n cos nx+y^b n sin nx 

2 n =1 n =1 

(0,2 n) 

(-n n) 

Y 2n 

a 0 = — f(x)dx 

71 ^ 

0 

1 71 

a 0 = — f(x)dx 

n J 

-71 

| 2 jt 

a n =— í f (x) cos nxdx 

71 ^ 

0 

1 } 

a n =— f (x) cos nxdx 

n J 

7 -71 

2n 

b n = — í f(x) sin nxdx 

71 * 

0 

1 } 

b n =— f(x) sin nxdx 

n J 

-71 

Fourier series in the interval (0, 21) and (-1,1) with 
o<- 'iod 2/ 

A cu -A mzx ^i, . mzx 

/(*) = ' +2^ a n COS , +L b n Sm , 

Z n -\ L n= i 1 

(0,2/) 

Hl) 

1 21 

a o = -1 f(x)dx 

1 0 

«o = y J f(x)dx 

l -i 

a „-]f(x)cos dx 

1 0 / 

a „-\f(x) cos dx 

b „-- ]f(x)sm dx 

i 0 / 

b n -sm dx 

1 t 1 
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2. Fourier series of a even or odd function with period 2 n and 21. 


EVEN 

ODD 

Fourier series in the interval (-tt n) with 
period 2k anc | f( x ) is even 

Fourier series in the interval (-n n) 
with period 2 n anC | f( x ) is odd 

f(x) = ^- + Y j a n cos nx 

" n= 1 

00 

f(x) = Y,b n sin nx 

n=\ 

2 71 

a 0 = — J f(x)dx 
n 0 

2 n 

b n = — J /(x)sin nxdx 
n 0 

a n = — J f(x) cos nxdx 
n 0 

O 

II 

o " 

II 

Fourier series in the interval (-1,1) with period 
2/and f(x) is even 

Fourier series in the interval (-1,1) with 
period 2/ anc j f( x ) j S odd 

. a 0 -A iítvx 

f(x) = ' +2^ a „ cos , 

^ n= 1 1 

vS • wrx 
f(x) = 2jb„sm 

n= 1 1 

a 0 =j J f(x)dx 

1 0 

b n - | / (x) sin dx 

* 0 1 

a „= \f(x) cos dx;b n = 0 

A 

a„ =0 « 0 =0 

j 


3. Parseval’s formula 




2 n 


][f(x)\dx = ^f + \f^(al+bl) 

— 7T ^ " n =1 


4. Half range Fourier sine and cosine series in the intervals (0, ti), and (0, 1): 


Fourier Sine Series 

Half range Fourier sine series in (0, n) 

Half range Fourier sine series in (0,1) 

00 

f( x ) = YJ b n únnx 

n=l 

-A . H7VX 

f(x) = 2J >« sm , 

n=l 1 

b n = — 1 f(x) sin nxdx 
n 0 

b fl - j/(x)sm dx 

n 0 / 
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Fourier Cosine Series 

Half range Fourier cosine series in (0, n) 

Half range Fourier cosine series in ( 0,1) 

d 00 

f(x) = ^- + Y J a „ cos nx 

" n= 1 

J., , «0 V" nnx 

/(*)= “ +2^ a n COS , 

^ n= 1 * 

a 0 = — J f{x)dx 
n 0 

«0 = yí f(x)dx 

l 0 

a n = — J f(x) cos nxdx 
n 0 

Ci n - [f(x) cos dx 

L 0 / 


UNIT - V 


Root Mean Square Value (Effective value of the function) 


W | 


The root mean square value of / (x)over the interval (a, b) is defined as 


R.M.S = ^ 


\[f(x)fdx 


b-a 





Parseval’s theorem on Fourier constants 


lf the Fourier series corresponding to f(x) converges uniformly to f(x) in (-/,/) then 


i i 

1 r 


\[f{x)} d *= C -y + 'Z(a n 2 +b lt 2 ) 


lf the Fourier series corresponding to f(x) converges uniformly to f(x) in then 

2 o 

1 77 CL 00 

- J [/(*)] dx = ^- + Y J {al+bl) 

J L iC y, 1 

-71 n ~ l 


Complex form of Fourier series 


Interval 

Complex form of Fourier series 

With period 2/ 

[0,2 tt] 

00 

/<•*) = £ v 4 " 

n=—co 

j 2/r 

c„= —í/(x>- in V/x 

2^ J 0 
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00 

f(x) = X C n e "' X 

n =—oo 

1 

2;r 

71 

j* f(x)e <n 'dx 

-7T 

H‘] 

oo m/rx 

/(*) = £ c, ? e ' 

n =—oo 

i i 

*•-*{ 

-imrx 

f(x)e 1 dx 


Harmonic Analysis 

Fourier series in ( 0 , 2 tt ) using harmonic analysis is given by 


f(x) 


2 


+ a l cosx + a 2 cos 2x +... +b x sin x+b 2 sin 2x +... 



Fourier series in (0,2 1) using harmonic analysis is given by 



y y cos nx / / 

, fcj=2 

^ _V sin ;rx / / 

n 


n 


ci 2 2 


y cos 2 nx / / 


b 2 = 2 


^ y sin 2 nx / / 


etc. 
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UNIT-I 


Function of a Complex Variable 

Complex variable: 

The quantity z = x + iy is called a complex variable, where xand yare two real variables 

Re(z) = x;Im(z) = y. 


z = x-iy is called the conjugate of z. 

Function of a complex variable. 

If z = x + iy , then w = u(x, y) + iv(x, y) is called a function of the complex variable z. i.e. 

w = f(z) = u(x, y) + iv(x, y). 

State and prove Cauchy-Riemann equations in Cartesian form. 


Prove that the Necessary condition for f(z) to be analytic 

Statement: The necessary conditions for a complex functio 

ôu õv , ôv õu 

are — = — and — =- 

õx ôy ôx õy 

(i.e.) u x = v y and v x = -u y 



= u(x,y)+iv(x,y) to be analytic 


Proof : Let f(z) = u(x,y) + iv(x, y) be an a ^alytic function at the point z in the regionR. Since f(z) 
is analytic, its derivative f '(z) exists in R and it is given by 


f\z)= U 


f(z + Az)-f(z) 


Az—>0 


Let z = x+iy 
Az = Ax+iAy 



Z+Az = x+iy + Ax+iAy 

= (x+ A x) +i(y+ A y) 
f(z) = u(x,y) + iv(x,y) 

Now, 

f(z+ Az) = u(x+ Ax, y+ Ay) + iv(x+ Ax, y+Ay)...{2) 


f\z)= Lt 

Az—>0 


[z/(x + Ax, y + Ay) + iv(x + Ax, y + Ay)] - [(w(x, y) + iv(x, y)] 

Ay + z'Ay 
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= Lt U(x + Ar, y + Ay) - u(x, y) | . u v(x + Ar, y + Ay) - v(x, y) 
Ax + iAy Ax + iAy 


Case 1: 


Let us assume that Ay = 0 and then Ax-> 0. 
Equation (3) becomes, 


f\z)= Lt 

Ax—>0 


u(x- 


Ax,y)-u(x,y) | v(x- 
Ax Ar “ >0 


■Ax,y)~v(x,y) 

Ar 


<3u . <9v 

-h Z- 

õx õx 


f '(z) = u x + iv x 

Case 2: 

let us assume that Ax=0 and then Ay^-0 


->(4) 


(3) : 


, Y , ,, m(x, y + Ay)- w(x, y) v(x,y + Ay)-v(x; 

j (z) = Lt - hz Lt 


Ay—>0 


1 ÔM 

i õy õy 


iAy 


Ay—>0 


f 'fzj = - i Uy+Vy 

Equating equations (4) and (5), we get 


U x + IV x = -I Uy +Vy 


A 


5 ? 


*0 

cr 


<b 


Equating the real and imaginary paris we have 
u x = v y and i/ x = - u y 

2. Derive Cauchy Riemann equations in polar co-ordinates. 
Solution: Letz= re' e 


—►(5) 


f(z) = f(re w ) 

u+iv = f(re w ) ->(1) 

Differentiate partially with respect to 1 r ’ 

^L +i Êz =r(re « )e « 

õr õr 

Ur + iv r = e ie f ( ré°) —>(2) 
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Differentiate partially with respect to ‘ 6 ‘ 

— + i—=f'(re ,e )(re ,e i) ^(3) 
dO ÕO 

= ir e w f '(re w ) 

Substituting equation (2) in equation(3), we get 
Ug +iv g = ir (u r + iv r ) 

= ir u r + F rv r 



lf u + iv is an analytic function, then u and i/are harmonic. 

Conjugate harmonic function: 

We know that a function which satisfies Laplace’s equation is called a harmonic function. 
Two harmonic functions u and i/such that u + iv is analytic are called conjugate harmonic 
functions. V is called harmonic conjugate of U and U is called harmonic conjugate of V. 
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3. Determine an analytic function ffciwhen u = ———- 

x + y 


and find its conjugate also. 


Solution: u 


2 . 2 

x + y 


õu 

õx 

õu 

ôy 


u r = 


(x 2 + y 2 )(l)-x(2x) .V 2 -x 2 


u .. = 


/ 2 . 2x2 / 2 . 2x2 

(x +y) (x +y ) 

(x“ + y 2 )(0) — x(2y) —2xy 


/ 2 . 2x2 

(x + y ) 


/ 2 . 2x2 

(x +>’ ) 


-Ml) 


->( 2 ) 


- 4=-4 


M y (Z,0)= 0 

By Milne Thomson’s method, 

f(z) = ju x (z, 0 )dz - i J u y (z, 0 )dz 

= \~\dz 

J z 

f(z) = - + c 

z 

To find v 

Z 

1 

U + IV = — 


(replace x by z & y by 0 in equation (1)) 
(replace x by z & y by 0 in equation (2)) 


U + IV: 


1 




0 


c? 


& 


cr 


<ò 


x-iy 


x-iy 

2 , 2s 


x + iy (x + iy)(x - iy ) (x“ + y ) 


x . y 

U + IV = —--T--I- 


(x 2 + y 2 ) (x 2 + y 2 ) 


Equate real and imaginary parts 



4. Prove that f(z)= w= z 2 is analytic and hence find its derivative. 
Solution: w=z 2 

u + iv = (x + iyf 
u + iv = x 2 - y 2 + 2ixy 
u = x 2 - y 2 v = 2xy 
«, = 2x v x = 2y 

u y = —2y v y = 2.x 


u = v ; u = —v 

x y ’ jy x 


Also the four partial derivatives are continuous 
Therefore co = z 2 is analytic. 

To Find it’s Derivative 


f(z)=u + iv 
f\z) = u x +iv x 

f (z) = 2x + i2y 
f'(z) = 2(x + iy) 
f'(z) = 2z 


1 


,cS> 


5 ? 


cr 


fò 


5. Show that the function U = iJtogCf + y ) is harmonic and determine its conjugate. Also 
find f(z). 

Solution: 

To prove U is harmonic: 

Given U = ^log(x 2 + y 2 ) 


UIIWUUII 


u ’=\ 


1 




x2x 


u. = 


■y J 
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u„ = 


u „ = 


(x 2 + y 2 yi)-x(2x) 

(* 2 +yÍ 


2 2 

y -x 

(,r + /) 3 


U,= 

x + y 


U yy = 


[/ , = 


(x 2 + y 2 )(l) — y(2y) 

(* 2 + r ) 2 


f -y~ 

(* 2 +y 2 í 


U„ + U„ 


y -x 


x -y 




Hence U satisfies Laplace equation, 


U is harmonic 


To find analytic function: 


Step 1 


U x = - -x 

U +.v 




0 


c? 


& 


cr 


<b 


i',(i«)=4=- 

\z ) z 


Uy= 

y x 2 + r 


u y (z, 0 ) = 0 

f(z) = \u x (z, 0 )dz - ij u y (z,0)dz 

= \-dz 

J z 

= log z + c 
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To find Conjugate 

/(z) = log(z) 

u + iv=log(x+iy) 


= ^ log(x 2 + y 2 ) + i tan 1 


V| 


u = log(x 2 + y 2 ) 

6. Find the analytic function w =u+iv if u= e x (xcosy-ysiny) 

Solution: 

u = e x x cos y - e x y sin y 
Milne-Thomson method, 

/ (z) = J u x (z, 0 )dz - i J u y (z, 0 )dz 

u x = e x cos y + e x xcos y - e x y sin y 
u x (z,0) =e z +e z z = e z (l + z) 
u y = e x (—x sin y - y cos y - sin y ) 
u y (z, 0) = 0 
f(z) = \e z (l + z)dz 

- e z + ze'~ - z + c - ze 

- ^ v , 2sinxsinhy 

7. Determine an analytic function f(z) = u+iv given that v = -— 

cos2x + cosh2y 



Also find u. 


Solution : Given v = 


2sinxsinh y 


cos2x + cosh2y 

õv ((cos2x + cosh2 y)(2sinh ycos x)) -((2sin xsinh y)( -2sin 2 x) 


õx 

kÔXj 


(cos2x + cosh2y) / 


:V x (z,0) = 0 


(z.O) 
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õv ((cos2x + cosh2y)(2sin xcosh y)) -((2sin xsinh ^(2sinh 2y) 
õy 


r d^ 

y dy \z, o) 


= v v (z,0) 


(cos 2x + cosh 2y) 2 

(cos2z + l)2sinz 
(cos2z + l) 2 

2 sin z 2 sin z 


sm z 

l + cos2z 2 cos 2 z cos 2 z 

By Milne ThomsorTs method, 

/ (z) = J v y (z, 0) dz + ij v x (z, 0 )dz 

= J tan z sec zdz 

f(z) = secz +c 

To find u 

f(z) = secz = sec (x +iy) 

1 cos (x-iy) 


= tanzsecz 


cos(x + iy) cos( x - iy) 
cos (x-iy) 

cos( x + iy) cos( x - iy) 

2 cos (x-iy) 


vv 


cos(x + iy + x-iy) + cos(x + iy 

2 cos (x-iy) 
cos 2x + cos 2iy 

2(cos x cos iy + sin x 


-sinxsin/y) 


-x + (y) 


U + IV = 


cos 2x + cosh 2y 
2 cos xcosh y+ /2 sin x sinh y) 


cr 


<ò 


cos 2x +cosh 2y 


2cosxcosh y 

u = - : — 

cos 2x + cosh 2y 

8. Determine an analytic function f(z) when v = e 2x (ycos2y+ xsin2y). 
Solution: 

V= <? 2x (ycos2y + xsin2y) 
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UV 9 .9 

— = e A (sin2y) + (;ycos2y + xsin2y)2e A 
dx 


V^V 


= v (z,0) = 0+0 = 0 


(z.O) 


õv 

ôy 


= e 2a (-y 2 sin 2y +cos 2 y + 2 xcos 2 y) 


V^y (z ,o) 


= v (z,0) = e z (0+1+2z) =(1+2z) e 


2z 


By Milne Thomson’s method, 

/ (z) = J v y (z, 0)dz + /J v x (z, 0 )dz 

= J (1 + 2 z)e 2z d z = J [e 2z + 2 Z e 2z ) dz 
= \e 2z dz + 2\ze 2z dz 


u = z v = e 


e 2z 

u = 1 v, = — 
2 


e 2z 

u" = 0 v 2 = — 
2 4 


2z 


- +2(i f-T ) #. 


2~ 


& 


i* 


cr 


fò 


2z 2z 

e 9 7 e ■ 


f{z) = — + ze 2z - + c 

W 2 2 

f(z) = ze 2z + c 


9. Determine an analytic function f(z)=u+iv, given that u-v 


cosx + smx-e 
2cosx-e > 


and 


<(f)=o. 

Solution : f(z) = u+i v. 

i f(z) = iu - V 

f(z)+ if(z)= u+iv+iu-v 
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(1+i)f(z) = (u-v)+i(u+v) 
F(z) = U+iV. 
where F(z)= (1+i)f(z) 

U =u- v 
V = u + v 

,, cos x + sin x - e 

U= U- l/= -;- 

2cosx-e' -e 


ÕU (2cos x- e y -e y )(-sin x +cos x) -(cos x +sin x-e v )( -2sin $ 


õx 
f ÕU^ 


(2cosx-e v -e y ) 2 

(2cos z — 1 —1)(- sin z + cos z) - (cos z + sin z -1)(-2 sin z) 


V d x 2(z,o) 


=uA z,0) = 


(2cosx-2) 2 

-2sin z + cos z - 2sin z + 2cos 2 z -2cos z + 2 sin z cos z + 2 sin 2 z -2 sin z 


(2cosz-2) 


(2-2cosz) 

(2cosz-2) 2 

-(2cosz-2) 

(2cosz-2) 2 


1 


2cosz-2 


_-l 
-2(1-cos z) 


= - = —cos ec 

4 sin 2 — 4 


cF 




f ÕU^ 


V dx J(z,o) 


= u x { z,0) = 


ÕU (2cosx-e v -e y )(e v )-(cos x+sin x-e y )(-e y +e y ) 
õy (2cosx-e v -e~ y ) 2 

' ÕU \ (2 cos z-2) 1 

yõy (2cosz-2) 2cosz-2 


1 


-4 sin 2 — 
2 


1 2 

—cosec 

4 


z 

2 
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By Milne ThomsorVs method, 


/ (z) = J u x (z, 0)dz - i Jw y (z, 0) dz 


■ í 2 z j . i r 2 z 
— cosec — dz + i— \cosec — 
4 2 4 J 2 


, -cot — 
1 2 


. z 

. cot 

l _ 2 

4 1 

l 2 . 


1 4 I 4 Z ~ 

= —cot-cot —+C 

2 2 2 2 


(1+i)f(z)= -^cot|(l + 0+C 


f(z)= --cot- +C 
2 2 


Put z = k/2 


f( zr/2 ) = - —cot — + c 
1 2 4 


0= --(!)+ C=>C=1/2. 


f(z) = --cot- + 1/2 
2 2 


x. 4 


cT 


5 ? 


cr 


<b 


10. Determine an analytic function functionf(z) = u+iv given that v = 


Also find u. 




2sin xsinh y 
cos2x + cosh2y 


Solution : Given v = 


2sin xsinh y 
cos2x + cosh2y 


ôv ((cos2x + cosh2y)(2sinh ycos x)) -((2sin xsinh y)( -2sin 2 x) 
õx (cos2x + cosh2y) 2 


- =v x (z,0) = 0 

dx J(z,0) 


ôv ((cos2x + cosh2y)(2sin xcosh y)) -((2sin xsinh 2 sinh 2y) 
ôy (cos2x + cosh2y) 2 


24 



r õv' 




= v v (z,0) = 


(cos2z + l)2sinz 
(cos 2z +1) 2 


2sinz 2sinz sinz 

-=-— = —— = tanzsecz 

l + cos2z 2cos z cos" z 


By Milne Thomson’s method, 

/ (z) = Jv y (z, 0 )dz + i\ v x (z, 0 )dz 

= J tan z sec zdz 

f(z) = secz +c 

To find u 


f(z) = secz 


= sec (x +iy) 

1 ^ cos(x - iy) 

— -X- 

cos(x + (y) cos (x-iy) 
cos (x-iy) 

cos(x + iy) cos(x - iy) 

2 cos (x-iy) 

cos(x + iy + x - iy) + cos(x + iy 



k£ 

xsin iv) 


u + IV 


2 cos (x-iy) 
cos 2x + cos 2 iy 

2(cos xcos iy + sin xsin iy) 
cos 2x + cosh 2 y 

2 cos x cosh y + / 2 sin x sinh y 
cos 2x + cosh 2y 


O 


2 cos x cosh y 

u = --— 

cos2x + cosh2y 


11. If f(z) in a regular function of z, prove that 


' õ 2 õ 2 ' 
y õx 1 õy 1 j 


\f(z)f = 4|/'(z)| 2 


Solution: Let f(z)= u+iv 

|/(z)|= yju 2 +v 2 
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\f(z)\~= u 2 +v 2 


r õ 2 Ô 1 ' 
v õx 2 õy 2 j 


\f(z)\ 2 = 


r ô 1 õ 2 ' 
v õx 2 õy 2 


(u 2 +v 2 ) 


Ç) 9 9 Õ 2 9 9 

( m 2 +v 2 )+ ( M W) 

õx õy 


Consider 


(T rf cr cr 

= |t(« 2 ) + |t(v 2 ) + |t(« 2 ) + |t(v 2 ) 
õx" õx õy' õy 


ÍV) = 2h — 

õx õx 


-Ml) 


õw „ õu õu 


õx' 


-(m 2 ) = 2u —j + 2 


ÕX" õx õx 
õ 2 u 


= 2 


fõw^l 

Vc;xy 


Similarly, 

õ‘ 


õy 2 


(u 2 ) = 2 


õ'u 

Ll -^- + 

dy 


^ ÕU^l 


Add equation( 2) &equation(3) 

õ 2 2 õ 2 2 r õ 2 m 

TT (k )+ —j(u ) = 2 

õx" õy 



->( 2 ) 


-M3) 



fÕM^ 

2 

ÕM 2 

2" 


õ°z-< õ 2 m 


— 

+ 

— 



0 + , = 0 


tõxj 





õx" õy 


= 2[u x 2 + u 2 ] 

= 2[«/ + K) 2 ] 

= 2K 2 +v a 2 ] 

= 2|/'(z)| 2 —>(4) 
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Similarly, 


J^ 2)+ ^ 


-M5) 


Substituting equation(4)&(5) in equation(l), we get 


êv W- 4imr 


Exercises 


1.Determine an analytic function /(z) =u + iv, given that u + v = 


sin2x 

cosh2y-cos2x 


2. Determine an analytic function /(z) = a + /v, given that 2u + 3v =e 22 (cosy-siny). 


3. Determine an analytic function /(z) = u + iv, given that 2u + 3v= - 


sin 2x 


4. Prove that u= 


2 . 2 

x + y 


iui louwi i / v 4. 7 — ia, \ l v , uivui i u iai c— u ~r — 

cosh2y-cos2x 

is harmonic also find v such that /(z) = u + iv is analytic 




5. Show that u(x, y) = 3 x y + 2x - y - 2y is harmonic function and find an analytic function 
/(z) such that f(z) = u + iv. 

6. Prove that the function u =e x (xcosy- ysiny} satisfies harmonic equation. Find the 
harmonic conjugate function v such that f(z) = u + iv. 

7. Find the constant a so that u = ax-y+xy is harmonic. Find an analytic function f(z) for which 


7. Find the constant a so t 
u is the real part. 
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UNIT-II 


Conformai mapping: 

A mapping or transformation which preserves angles both in magnitude and sense 
between every pair of curves through a point is said to be conformai at that point. 

1. Discuss the transformation w = sinz 

Solution : 

Let w = u + iv 
z = x + iy 
w = sin z 

u + iv = sin(x+ iy) 


= sin xcosiy +cos xsm iy 
= sin x coshy + i cos x sinh y 

Case (i): 

Equating real and imaginary parts, 

u = sinxcos/ry 
v = cos x sinh y 

Elimination of xfrom equation (1) & ( 

(1) => sinx = 

(2) => cosx = 



We know that sin 2 x + cos 2 x = 1 

2 2 

U V 

-2- ^-2- = ' 

cosh" y sinh y 

Consider a straight line y=c parallel to x-axis in z-plane 

u 2 v 2 

—r +— =1 (a = coshc,& = sinhc) 

a b 

Which is the equation of the ellipse in the w- plane. 
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Hence a straight line y=c parallel to x-axis in z-plane is transformed into an ellipse in the w 
plane. 

Case (ii): 

Elimination of yfrom equation (1) & (2) 


(1) => cosh y = — 

(2) => sinh y = 


sinx 

v 


cosx 


We know that cosh 2 y-sinh 2 y =1 

2 2 
,2 • ,2 M v 

cosh y-sinh y = —-— - - — 

sin’ x cos’ x 

Consider a straight line x = c parallel to y-axis in z-plane 


1 = 


sirr c cos c 


1 = (a = sinc,b — cosc) 

a b 


\0 
xCT 


h 


Which is the equation of the hyperbola in w-plane 

Hence a straight line x=c parallel to y-axis in z-plane is transformed into hyperbola in the w 
plane. 

Conclusion 




Z-plane 

W-plane 

straight line y=c 

ellipse 

straight line x = c 

Hyperbola 


2. Discuss the transformation w = coshz 
Solution: 

WKT cos(ix) =coshx 
coshz=cos(iz) 
u + i v = cos *'(*+*» 
u + i v = cos(/x- y) 
u + i v = cos ix cos y + sin ix sin y 
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u + i v = coshxcosy + /sinhxsin y 


Equating real and imaginary parts, 
u = coshxcosy... (1) 
v = sinhxsiny... (2) 


Case (i): 

Elimination of ‘x‘ 

(1) => cosh x = —— 

cos y 

(2) => sinh x = —— 

sin y 

We know that, cosh 2 x - sinh 2 x = 1 


—2 -— =1 

cos" y sin" y 

Consider a straight line y = c parallel to x-axis in z - plane 


u 


v 


a = cosc 


= 1, where 

cos c sin" c b = sin c 


= l is a hyperbola in w plane 

ci b 


' "'ane. 


cr 


<0 


Hence a straight line y = c parallel to X-axis in z - plane is transformed into a hyperbola in w- 
plane. 


Case (ii): 
Elimination of ‘y‘ 

(l) => cos y = 






cosh x 


(2) => sin y = 

sinhx 

We know that, cos 2 y + sin 2 y = 1 


2 * p 1 

cosh" x sinh" x 

Consider a straight line x = c parallel to x-axis in z - plane 
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u v 2 . . «=coshc 

-— +-— = 1 where 

cosh" c sinlr c b = sinh c 


-j + -t = 1 is a ellipse in w-plane 

ci b 

Hence a straight line x = c parallel to y-axis in z - plane is transformed into an ellipse in w- 
plane. 

Conclusion 


Z-plane 

W-plane 

straight line y=c 

Hyperbola 

straight line x = c 

ellipse 


3. Discuss the transformation w = z + - 
Solution : 


u + iv = re' 9 + 


w 


re 


W . K -w 

re H- e 




cr 


h 


= r(c os 6 + i sin 6) H-(cos 6 - i sin 6) 


7 2 |2 

(r cos 0 4-ir sin 6) + (—cos 6-i — sin 6) 
r r 


k 2 k 2 

= (r cos 6 H-cos 0) - (ir sin 0+i — sin 0) 

r r 


t .2 i 2 

cos 6(r H -) + i(r -) sin 0 

r r 


Equating the real and imaginary parts 


u = cos 0(r + — ) => cos 0 = —— 


r + - 
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V 


v = (r-) sin ti => sin ti = - - 2 

r k 


r — 


Case (i): 

Elimination of 'ti' 

We knowthat, sin 2 0 +cos 2 0 = 1 


f > 

2 

f 3 

V 

+ 

u 

k 2 

k 2 

r — 


r + - 

V r ) 


\ r ) 


+ 


f 

k 2 ^ 

2 



r — 

— 


r + 

— 

V 

r J 


V 

r J 


= 1 


Consider a straight line r = c in z - plane 


u 2 v 2 k 2 

—+ — = lwhere a =c - and b=c-— which is an ellipse in w-plane. 

a" b c 6. 


i is an ( 


O 


fò 


nicn is a 

Hence a straight line r=c in z - plane is transformed 'nu an ellipse in w-plane 


Case (ii): 

Elimination of Y 


k u 

r + — =- 

r cos 0 


r-—- V 



r sin ti 


•(«) 


(>) 2 -(«) 2 ^ ('■+-) 1 - «■--? = - (-V 

r r cos ti sin ti 


7 4 7 4 Z Z 

/ 7,7 2 k 2 k U V 

(r + 2k +—) - (r — 2k +—) = - - . 2 

r r cos ti sin ti 


4k 2 


cos" ti sin ti 

Consider a straight line ti = c x in z - plane. 
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= 4k 


cos" c, sin" c, 


2 2 

— r —^ = 4 k 2 where a = cose, c and b = sinc, 

2 í 2 1 1 

a o 


2 2 

W V _ 

2 — 7T — 1 
fl o 


Which is hyperbola in w plane. 

Hence a straight line 0 = c l in z - plane is transformed into a hyperbola in w-plane 

Conclusion: 


Z-plane 

W-plane 

straight line r = c 

ellipse 

straight line 9 = c l 

Hyperbola 


4. Discuss the transformation w = — 


Solution : w = 


z = — 
w 


x + iy = 


u-iv 

7 . .'c 




(h + iv)(u -iv) 



u — iv 


2 , 2 

W + V 


x + iy = 


2.2 2.2 

U + V U + V 


Equaíing real and imaginary parts, 




cr 




X = 


2 . 2 

M + V 


y = - ——i 

W +V 
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The general equation of the circle in z-plane is, a(x 2 + y 2 ^j+bx + cy + d = 0 
Substituting equation (1),( 2) in (3), we get 


... 3 


a 


í 2 \ 


(u 2 +v 2 ) 2 


r u-W ' 
l(u 2 +v 2 ) 2 ) 


a 


( 2 , 2x2 

(U + V ) 


+ b 


2 , 2 

U + V 


+C(- 


2 , 2 

U + V 


)+d = 0 


bu 


cv 


2.2 2.2 

U + V U + V 


+ d = 0 


bu 


cv 


(u 2 +v 2 ) ( u 2 +v 2 ) (u 2 +v 2 ) 


+ d — 0 


a+bu—cv+d[u 2 + ;; 2 ) = 0, which is the circle in the w plane. 


5. Under the transformation w = —, find the image of \z 


Solution : 

\z-2i\ = 2 

|x + /_y-2/| = 2 
|x + i(y — 2)| = 2 
x 2 +(v-2) 2 =4 


+ y 2 -4y + 4 = 4 


d' 


& 


Given 



w = 


1 

z = — 
w 

1 u-iv 

x + iy=- x- 

u + iv u + iv 


2 2 

u +v 


cr 


2/1 = 2 

h 


y ’ 22 

U + V 
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2 2 a 

u v 4v 

( M 2 +v 2 ) 2 + ( M 2 +v 2 ) 2 + (m 2 +v 2 ) 

u 2 +v 2 + 4v 
(zr+v 2 ) 2 (w 2 +v 2 ) 

1 ! 4v _ 

(m 2 +v 2 ) (m 2 +v 2 ) 

=> 1 + 4v = 0 


Which is a straight line in w- plane. 

Bilinear transformation: 

az + b 


The transformation w = 


when ad-bc ^Oanda,b,c,d are being complex 


cz + d 

constants is called the bilinear transformation or Mobius or linear fractional 
transformation. 


Cross ratio formula 


. _ (z-zQ^-zQ 

(o\-a> 2 )(a> 3 -co) (z x -z 2 )(z 3 -z) 


<ò 


9o 


6 . Find the bilinear transformation which maps the noints z = 1, i, -1 into the points 


W = 2 


Solution 


- (w-Wi)(W2-W 3 ) = {z-z l ){z 2 ~z 
(Wj - w 2 )(w 3 - w) (Zj - z 2 )(z 3 - z) 

(w-2)(z + 2) = (z—!)(/ + !) 

(2-i)(-2-w) (I^V 
(w — 2) (z — 1) (1 + 0 ,, (2 — 0 

-(w + 2) -(z + 1) (1-í) (2 + 0 

(w- 2 ) (z—í) r2—/+2/—z 2 n 



(w + 2) 


(w-2) 
(w + 2) 


(z-1) 

(Z + 1) 


3z + zi - 3 - i 
3z - zi + 3 - z 


2 + z - 2z - i 


3 + z 


•2 


.. . | , , a c a + b c + d 

Using the formula — = — =>-=-, we get 

b d a-b c-d 
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w-2+w+2 

3z + zi - 3 - i + 3z - zi + 3 - i 

(N 

1 

4 

1 

(N 

1 

4 

3z + zi - 3 - i - 3z + zi - 3 + i 

2 w 

6 z - 2 i 

-4 

VO 

1 

(N 

1 

w 

2(3z-0 

-2 

2(zí - 3) 

w 

2(3 z-i) 

(zi~ 3) 

w 

2(3 z-i) 


(3 - zi) 

To check: 


w 


2(3 z - i) 
(3 - zi) 


Put z = 1 


w = 


2(3 z - Q 
(3 - zi) 

2 (3(Q-Q 
(3-(l)0 
2 ( 3-0 
(3-0 


a=2 

2 a r transformation w 

fin/l itf» imiokiont 


cT 


5 ? 


cr 




7. Find the bilinear t insformation which maps the points z = oo,i,0 into the points 
w= 0 , -i, oo. Also find its invariant points. 


Solution : 


(w-w 1 )(w 2 -w 3 ) = (z-z 1 )(z 2 -z 3 ) 
(w 1 -w 2 )(w 3 -w) (z 1 -z 2 )(z 3 -z) 


(w 0)( i oo) _ (z-oo)(i-0) 
(0 + 0(<»-w) (oo-/)(0-z) 


w 


-(- 1 ) = (- 1 ) 


l 


i 

-z 
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w = ■ 


w = ■ 


l 

-z 

1 


To find the invariant point 


w = ■ 


1 


put w = z 
1 

z = — 


Z 2 =l 

z = ± 1 

The invariant points are 1,-1. 

To Check: 


1 


w = ■ 


Put z = 0 


1 

co = — 

0 

CO = 00 


,cS> 


5 ? 


cr 


fò 


8 . Find the Bilinear transít. na. on of points z \ ~ - 1> z 2 = z 3 = 1 into the points 

<js s YV 

H i -0,w 2 - i, vv 3 - 3? respectively. 

Solution: 

Let the Bilinear transformation be 

(w-w 1 )(m; 2 -m; 3 ) = (z~z,)(z 2 -z 3 ) 

(w 1 -w 2 )(w 3 -w) (z 1 -z 2 )(z 3 -z) 


Given ^1 - l’ z 2 -0,z 3 -l anC |Vti-0,w 2 -z‘,w 3 -3r. sub the values in (1) 

(w-0)(z-3z) _ (z + l)(0-l) 

(0-/)(3/- w) (-l-0)(l-z) 


37 



{w){-2i) ^ Q + l)(-l) 

(-i)(3i-w) (-l)(l-z) 

(2w) _ (z + 1 ) 

(3i-w) (l-z) 

(2w) _ (z + l) 
(w-3z) (z-l) 


(2w)(z-l) = {z + l){w-3i) = zw-3iz + w-3i = w(z + 1) _ 3i(z + l) 
w[2(z-l)-(z + l)] = -3/(z + l) 


w = - 3i 


Á Z + 1 ) 


z-3 


w = - 3i 


w = 0 



Which is the required bilinear transformation . 

To check: 

w = — 3i 

Putz = -1 

w = - 3i 


± 2 ) 


9. Find the Laurenfs series expansion of f(z) = — 

(z + l)(z + 4) 


in 1 < z < 4 and z >4. 


Solution: Consider 


z -4 


z -4 


(z + l)(z + 4) z +5z + 4 


z -4 


1 +(■ 


-5z-8 


z +5z + 4 z +5z + 4 


) 


z 2 +5z + 4jz 2 +0z-4 
z 2 +5z + 4 


-5z-8 


= 1 


5z + 8 
z 2 +5z + 4 
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5z + 8 _ A B 

z 2 +5z + 4 " (z +1) + (z + 4) 

5z + 8 = A(z+4) + B(z+1) 

Put z = 0 

8 = 4A + B 

Put z =- 4 

-12 = B (-3) 

B = 4 

8 = 4A + 4 
4 = 4A 


A = 1 

5z + 8 


1 


z 2 + 5z + 4 (z + 1) (z + 4) 


z -4 


z +5z + 4 


1 4 

- + - 


(z + 1) z + 4 


= 1 


1 


(z + 1) (z + 4) 


= 1 


1 


ZCL+ 1 ) 4(^ + 1) 

z 4 


Ç^JYv 1 í 


J + - 

V zj 
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1 + - 

V zj 



1 li, 

= 1 - -(1 -- + (-) 2 . )-(1 

z z z 



1 00 1 00 7 


£ n =0 


n =0 


2 A 1 00 | 00 

^—2— = 1 - i X(-!)"(-)" - X^-D^t)" 

(z + l)(z + 4) z to z ti 4 


(ü) 


>4 
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1 


4 


r-4 


1 


r+5z + 4 z( 1 + -) z( 1 + -) 


1 . — (1 + —- 4 (1 + 4 ) _1 

z z z z 


= 1 --( 1--+(-) 2 .)-- ( 1 --+(-) 2 . 

z z z z z z 


1 ” 1 d 00 4 

i-i- -St- 1 )”*-)" 


£ /í=0 


Z n=0 


10. Expand the Laurenfs series expansion for f(z ) = 


z-l 


(i) |z|> 3(ii) 2 <|z|< 3 
Solution: 

Consider, ' ! 


z +5z + 6 


z 1 ^ _ . 5z + 7 . 

(z + 2)(z + 3) z 2 +5z + 4 7 


Z +DZ + 4 

_ + 7 

+ 5z + 4 (z + 2)(z + 3) 

5z + 7 A B 


(z + 2)(z + 3) (z + 2) (z + 3) 

5z + 7= A(z+3) + B(z+2) 

Put z = - 3 


(z + 2)(z + 3) 




cr 




z +5z + 6jz +0z-l 

z 2 +5z + 6 
-5 z-l 


-15 + 7 = -B 


-8 = -B 


B = 8 


Put z = - 2 
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-10 + 7 = A 


-3 8 

+ 


A = -3 
5z + 7 

(z + 2)(z + 3) z + 2 ' (z + 3) 


3 2 

(i) |z|> 3=> 1 >—rand 1 >7^ 

\z\ \z\ 


f{z)= 1- 


5z + 7 


(z + 2)(z + 3) 


-3 8 

-+ - 


z(l+ 2 ) z( 1+ 3 ) 
z z 


-3 2, 8 3 

— (1 + —) +-(1 + -) 

z z z z 


1 +-( 1--+ ( - )2 . )--(1 --+(-) 

z z z z z z 


O 20 O O 00 Q 

= 1 +-£(-i)"(->" 

£ n=0 £ Z n =0 


(ii) 2 < z < 3 2 < z and z < 3 


/(z)=1- 


=> :—< 1 and — 


5z + 7 


(z + 2)(z + 3) 


n=u 

z(l+ 2 ) 3(1 +f) 
z 3 . 


ué* 

;r 


6 


.,.2„,2,,- 

z z 3 3 

= 1 +- (1 --+(-) 2 . +( f )2 .) 

z z z 3 3 3 

3 00 2 c 00 7 

Z n=0 Z 3 /í= o 3 

7^ — 2 

11. Find the Laurenfs series for the function f(z) =---in 1 <|z + l| < 3. 

(z + l)z(z-2) 1 1 


Solution: Put u = z +1 
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z = u - 1 


f(z) = 


_ 7(m — 1) — 2 _ 

(O -1) +1 )(u - 1 )((u - 1) - 2) 


_ lu-9 
0)0 _ 1)0 -3) 

lu-9 ABC 

- — — + - H- 

(u)(u-l)(u-3) u u — 1 u- 3 

7u - 9 = A(u - 1 )(u - 3) + B (u)(u - 3) + C(u)(u - 1) 
Put u = - 1 
2 = B(1) (-2) 


Put u = - 3 


12 = 6c 


C = 2 


Put u = 0 


-9 = 3A 


A = -3 


lu-9 


-3 1 


(u)(u-l)(u-3) u u — 1 u— 3 


Given, 


1 <|z + l|< 3 


1 < u <3 




0 


C 




cr 


& 


1 M 

—r < 1 ; — < 1 

\u\ 3 


lu-9 -3 1 2 

- — - + --— H- 

0)0-1)0-3) u u (i--) -3(1--) 

u 3 


— +-d--r‘ -1 d-^r 1 

u u u 3 3 
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Put u = z +1 


3 1 / . 1 1 x 2 lí /M\2 \ 

—+ -a + -+— + --)- - (i--+(-) 2+ ---) 

u u u u 3 3 3 


—+-ÍÍ-T ■ f ÊÍf] 

u u ^\uj 3 “ 0 {3J 


■ + ■ 


í 1 1 

f - 2 ÉÍ Z+1 ] 

yZ + l J 

3 hl 3 J 


n 


12. Expand f(z) = sinz as a Taylor series about point z=— or in power of 


K 

Z— 

4 


Solution: 


/(z) = sinz 
/ (z) = cosz 
/"(z) = -sinz 


By Taylor series, 


f(z) = f(a) + tf(z- 


1 * 1 

sin z = —f= + 



r n k 


r ^ 

z — 

-i 

z — 

ryc 

1 4 J 


s[i sÍ2 1! s[l 2! 


smz = 




1 + 


( - ;r^ 

1! 


£ \ 2 

* n ' 


V_ 

2 ! 


- + ... 


Classification of singularities: 

Singular Point (or) Singularities: 

A point z = a at which a function /(z) fails to be analytic is called singular point. 
1 


E*: f(z) = 


z-3 


Here z = 3 is said to be a singular point. 
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Three types of singularity: 

Isolated singularity: 

A point z = z 0 is said to be isolated singularity of /(z) , if 

(i) . /(z) is not analytic at z = z a . 

(ii) . There exists a neighborhood of z = z 0 containing no other singularity. 


Ex: /(z) = 


z(z-i) 

Here z = 0 and z = 1 as an isolated singularity. 

Removable singularity: 

A point z = a is called as removable singularity of /(z) , if 

(i) z = a is a singular point. 

(ii) . lim /(z) exists. 


Ex: f(z) = 


2 2 

z -a 


z-a 

Here, z = a is a singular point. 


iim/( z ) = lim f^lí\ fl) =2 a. 
f“ (z-“). 




cr 


h 


Essential singularity: 

In a laurents series 


n , / \—n 




f(z) = Y J a n(z-a) l +b n (z-a) 


n =0 


If the principie part contains an infinite number of non-zero terms, then z = z 0 is known as 
Essential singularity. 


Ex 


: f( z ) = e * =1 + ^- 


rn 

2 

rn 

UJ 

_L . 

yZj 


3! 


Here, z 0 =0 is an Essential singularity. 
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Pole: 


lf we can find a positive integer ‘n’ such that lim(z-o)" .f(z) * 0, then z-a is a pole of order 


Ex: f(z) = 


(z-9f(z-2)‘ 


Here, z = 9 is a pole of order 3 and z = 2 is a pole of order 4. 

Exercises: 


1. Discuss the transformation 


(i) . co = cos z . 

(ii ) .co = sinh z . 


2. Find the bilinear transformation which maps the points 


(i). z = 0, 1 , 00 into the points co = i, 1, -i. 


(ii). 1, -i, 0 of the z-plane onto 0, 2, -i of the co plane . 




e> 


fò 


(iii). z = 0, 1 , 00 into the points co = -5, -1,3. Find the invariant points also. 


(iv). z = 1, i, -1 into the points co = i, 0, -i. Flence find the image of z = 1 Also find the 


invariant points of this tra' isformation. 


3. Find the image of the circle z-1 =1 under the mapping co = - . 

z 

4. Find the Laurenfs series expansion for the following functions in the given region. 


(O- f(z) = -j— - - in (i) |z| <1 (ii) |z|>2 and (iii) 1<|z|<2 

Z -JZ + 2 

(ii). f(z)= - t Z + 1 „ in 2 <|z + 2|<3 
z(z +Z-2) 


z + 6 z ~ 1 11 

(iii). f (z) =----- in 3< z + 2 <5. 

(z-l)(z-3)(z + 2) 1 1 


5. Expand f(z) = cos z as a Taylor’s series about z=0. 
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UNIT- III 


COMPLEX INTEGRATION 


Simple Closed Curve 


A curve is called simple closed curve when it doesrVt cross itself. 


Simple Connected Region 

A region is called simply connected if every closed curve in the region encloses points of 
the region only. 

Multiply Connected Region 

A region which is not simply connected is called multiply connected region. 


1. State and prove Cauchy integral theorem 

Statement: If f(z) is analytic and f' (z) is continuous inside and on a simple closed 

curve c then J f(z)dz = 0. 


Proof : Let R be the region closed by the circ.3. 
Let f(z) = u + iv where u & v are functions of x & y. 


And let z = x + iy anddz = dx + idy. 


Cn» 

__le c nd on a 


Now | f(z)dz = J(w + iv)(dx + idy ) 



= j" (tidx + iudy + ivdx + i 2 vdy ) 

c 

= | (udx + vdy) + i(udy + vdy) 

c 

= J (udx - vdy ) + 1 J udy + vdx 


By Green’s theorem, \udx + vdy = \\(—-—)dxdy 


Applying the above theorem, we get 
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\f(z)dz = || 


-dv õu 


õx ôy J 


dxdy+ iJJ 


õu õv 
ôx ôy J 


dxdy 


,, , ■ , . r , , . , __ . , õu õv , õv -õu 

Since f(z) is analytic, f(z) satisfies the CR equations namely, — = — and — =- 

õx ôy ôx ôy 


\f(z)dz = \\ 


õu õu 

& dy) 


dxdy + iJJ 


õv õv 
ôy ôy J 


dxdy 


JJ 0 dxdy + i JJ 0 dxdy 


= 0 


J / (z)dz = 0 


8 . ‘ o ’ i o o 


h 


Cauchy’s Integral Formula 

lf f(z) is analytic within and on a simple closed curve C & ‘a’is any point inside z then 

f(a) =- \^——dz the integration around C f aing taken in the positive sense. That is, 

2 ni 3 c z — a 


(i) lf the point z = a lies within C, then J dz = 2 nif(á) 




c Z Zq 


(ii) lf the point z = a lies outside C, then —í dz = 0 

2m {z-z Q 


z + 


K<?r 

_z/-7 lAfhâPA r» io 


—- dz where c is the circle z + l + i = 2 . 

z 2 + 2z + 4 1 1 


2. Evaluate J 

c 

Solution: Consider z~+2z + 4=0 



-2 ± a/4 - 4(1)(4) 
2 ( 1 ) 


z = - 


-b±4b n -4 ac 


2 a 


-2±>fÃ2 


-2 + /2V3 


-2+nS -2-/2V3 

- or-— 


-1 + />/3 or —1 — ?x/3 
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z 2 + 2 z + 4 = [z-(-l + *\/3)][z-(-l-i\/3)] 


z +1 


z +2z + 4 


* = J 


z + 1 


[z-(-l + iy/3)][z-(-l-iyf3)] 


dz 



z 0= -l-/x/3 
x + iy = —1 — /x/3 

x = -1, y = - n/3 
(-V3 + 1) 2 =0.5<A^| 
z 0 = -l-i lie inside c. 



By Cauchy integral for nula, 27ri f(z 0 ) = í-——r/z 

* <7 - *7 


Where f(z) 


= 2m\{-\-iS) 

z +1 


z-(-l + *x/3) 


-l-ix/3 + l-ix/3 


-/x/3 _ 1_ 
-2/x/3 " 2 


->4 
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f Z+l 

] z 2 +2z + 4 


r/z 


2 7TÍ — = iri 
2 


r z + 2 li 

3. Evaluate J- dz where c is the circle |z| = 2. 


Solution: 

Consider z 0 = 0 which lies inside the circle |z| = 2 

■z + 2 


Now f- - dz = 27rixf(z 0 ) 

" -7 


fiz) = z + 2 
/(O) = 0 + 2 
/( 0 ) = 2 
z + 2 


[-- dz = 2nix2 

í z 

í ———— r/z = 4;ri 


/'(«) = —I; 


-r/z 


2 ;n £ (z - a) 

/ n (fl) = — f^^r/z 
2^ J r (z-a) 3 




1 mi aiiaiyiiu 

c> 


rtinal fu 


<Ò 


h 


Cauchy’s integral formula for derivative of an analytical function. 

1! f fiz) 




n\ r fiz) 


2ni • l(z-a) 


n +1 


r/z 


3 

Í z ~ z 

- -rdz where C is the circle |z|=3. 


iz-2) 


Here z n = 2 lies inside |z|=3 


/(z) = z 3 -z 

/ '(z) = 3z 2 -1 => / "(z) = 6z 


By Cauchy’s Integral formula for derivatives, we have 
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n\ r f{z) 


2 m (z-tf)" + 

- —L< fe = — / "(2) = — 6(2) = 12;ri 
(z-2) 3 2! 2 

f 3z 1 f _._ _ . .. ._-_ I I — 


r jz — i 

5. Evaluate —- dz where c is the circle z =2. 

J -T -3 - -7 


z -z 


Solution: 


Consider z(z 2 -1) = 0 
Z = 0 and z~ —1 = 0 

z = 0 a/zd z = ±1 which lies inside the circle Izl = 2 


Now J : 


dz = 2 mxf(a) 


n .. 3z-l ABC 

Consider —-—-- = — +-+- 

z(z + l)(z-l) z z + 1 z — 1 % 

3z-l = A(z + l)(z-l) + 5z(z-l) + Cz(z + l) 

Putz = 0 putz = 1 putz = -1 

A = 1 C = 1 B = -2 

17 — 1 1-2 1 ^ 


Püt z = 0 


put z = 1 


A = 1 

3z-l 


3z-l _ 1 -2 1 

z(z + l)(z-l) z z + 1 z—1 


3z-l 




.. , — - -r dz = í -dz + í — —dz + f—*—dz 

í z(z + l)(z-l) c z [z + 1 z — 1 

/>>/ 

Consider U ,l 2 ,13 

/(z)S > 

/(0)=1 
/(-1) = 1 
/(D = l 

í — ;— ^ 7- -r dz = 2;ri x ( 1 ) + 2m x (-2) + 2m x ( 1 ) 

c z(z + l)(z — l) 

í-—7—-r dz = 2;rz - Am + 2;rz 

í z (z+l)(z-l) 


-dz = 0 
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6. State and prove Cauchy Residue theorem: 

Statement:lf f(z) is analytic at all points inside and on a simple closed curve c expect at 
a finite number of poles z p z 2 ,. z„ within c then j f(z)dz = 2 ni[ sum of residues of f(z)] 

c 

^ Z = Z 2’. Z /i ' 

Proof: Around each of the singular points z p z 2 ,. z. n draw small non interesting circles 

c p c 2 ,. c n all within c. 

Since f(z) is analytic in the multiply connected region enclosed by the curves 

C l ’ C 2 ’. C n > 


By Cauchy’s extension theorem J f(z)dz = J f(z)dz + 1 f(z)dz+ | f{z)dz 

c c 2 c 2 m 

riO 

But residue of f(z) = J f(z)dz => j" f{z)dz = 2 kí [residue of f(z)] 


J f(z)dz = 2m x [ residue of f(z)] 

c 

At z = Zj , | f(z)dz = 2m{Residueof f(z)atz = z,} 



At z = z 2 , | f{z)dz = 2m{Re>sidueof f(z)atz = z 2 } 

C 2 

At z = z„ , | f(z)dz = 2xi{Residueof f(z)atz= z,,} 


J f(z)dz = 2ni [ sum of residues of f(z)] at 


z z P z 2 ,.z„ 


Cauchy’s Residue Theorem 

lf f(z) is analytic at all points inside and on a simple closed curve C expect at a finite 
number of poles z p z 2 ,.z„ within C, then j/(z)r/z = 2^/[ sum of residues of f(z)] at z = 

C 

z,,z 2 ,.z„ . That is, J f(z)dz = 2^/ j[Re.s/(z)], =; +[R esf(z)]. =Zi +.+ [Re.s/(z)], =Zj J 

c 
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f 2z-l i i 

7. Evaluate - dz where c is the circle z < 2. 

{ z(z + l)(z-3) 


Solution: Let f(z) = 


2z-l 

z(z + l)(z-3) 


2z-l 

(z-0)(z + l)(z-3) 


z = 0 is pole of order 1 
z = -1 is pole of order 1 


z = 3 is pole of order 1 


z = 0 and -1 lies inside c 


z = 3 lies outside the c. 


So, Res[/(z)] =0 


Res [f(z)U = lt (z-0) 2z 1 

(z-0)(z + l)(z- 


, 2z-l 

lt - 

z ^° (z + l)(z — 


-1 




0 


- 

-0)(z + l)(z-3) 


cr 


fò 


Res [/(z)]._ , = lt (z+1)-^- 

z (z-0)(z + l)(z-3) 


lt 2z ~ 1 
<--■ (z-0)(z-3) 


Zr ^ 
-4 
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By Cauchy Residue theorem, 


J f(z)dz = 2 ttí x [sum of the residues ] 


= 2 ni 


= Ini 


v3 4y 

,12, 


-5 7TÍ 


8. Evaluate using Residue 


.. r únxz 2 +COS7ZZ 2 , I . „ 

theorem -where c = z is 3. (Nov-2012) 

J (z-l)(z-2) 1 1 


Solution: let /(z) = 


sinzrz + cos;rz~ 


(z-lXz-2) 

The poles are given by (z-1)(z-2)=0 
z = 1 is pole of order 1 
z = 2 is pole of order 1 
The poles Z = 1 and 2 lies inside c. 

_ r , , .. sin^-z 2 +cos^z 2 

Res [/(z)]._, = lt z-1- 

u ■ 2) 



sin ;r + cos 0 + -1 


cr 


9o 


-1 


-1 


Res [/(z)T 2 = lt (z-2) 


z—> 2 


sin^z 2 +cos^z° 
(z-lXz-2) 


= lt 

z —>2 


sin 7zz 2 +cos^z 2 


(Z-1) 
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sin An + cos An 0 + 1 


By Cauchy Residue theorem, J f(z)dz = 2 ni x [sum of the residues ] 


2 ni [1+1] = 4 ni 


9. Evaluate J 


—-rfewherecis |z + l + i|=2. 

z 2 + 2z + 4 1 1 


Solution: /(z) = — 


z + 1 

z 2 + 2z + 4 


To find poles: consider z +2z + 4 =0 


z 


-2±V4-4(1)(4) 

2 ( 1 ) 

- 21 ^ 


-2±i2j3 


—1 +i\/3 


The roots arc -l + i>/3 , — 1 — / \/3 




5 ? 


cr 




í — 1 + / V 3 


z + 1 

_ [Z - (-1 + /V3)][z - (-1+/>/3)] 
Z = -1 +1>/3 is pole of order 1. 

Z = -1 - is]3 is pole of order 1. 

|z + l + /| =2 


z + iy + i +1 =2 
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|(x + l) + ((y + l)| =2 
(x + l) 2 +(v + l) 2 =4 
z=-l + i>/3 
x + iy = -1 + (x/3 


x = -1, y= x/3 


(x/3+1) 2 7.45 >4 lies outside the circle c. 
R e4/(z)L 1+;# = 0. 
z = -l-(x/3 
x + iy = —1 — /-n/ 3 
x = -1, y = - x/3 
(-x/3 + 1) 2 = 0.5 < 4 lies inside th 


Res[/(z)] j , s = lt (z 
1 ‘v 3 



z-(-l + /x/3)(z-(-l-(x/3) 


: — (—! +(x/3) 


-1- (x/3+1 -(x/3 


^-(x/3 +l-(x/3 -2(x/3 


x 

y 


1 _ 

" 2 

By Cauchy Residue theorem, J f(z)dz = 2 kí x [sum of the residues] 


2;r( 


- + 0 
2 


Kl 
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Contour integration around the unit circle [TYPE 1] 


2n 

Integral type: J f(cos6,svaO)cW 


z — e' e , dO = — , sin# = — 
iz 2 i 


r 

- 1 

r 

z — 

cosò' = — 

z + - 

z_ 

2 

z_ 


2n 


de 


10. EVALUATE ' a+bcosd (a > b > 0) 

dO 


Solution: J 


a + bco%6 

\j 

Let z = e w 

d- 

dz = e w dO , d0 = — 
iz 


COS0 = — 


( n 

z + - 

v zj 


2n 


dO 


a-bcosd 


= 1 


3 


cr 


<ò 


■ 


Ifl+ # + i 


dz 


iz 


f dz 

1 

e 2 a + b 

fz 2 +l) 

1 * J 


IZ 


• 2 Í 


dz 


1 


2az + b(z~ +1) iz 
z 


7Í 


dz 


i J 2az + b(z + 1) 


- 2 il 


dz 


i J (bz + 2az + b) 
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Solution: 
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Le, í /Wz= !(z» + 4)(e +9 f 

Where c consists of the semi circle r, and the bounding diameter [-R, R] 


Now, by C.R.T, 

R 

J f(z.)dz = J f(x)dx +J f(x)dx - 

c -R r 

As R —>oo => ^f(x)dx —>0 

r 

00 

jf(z)dz= | f(x)dx 

C —co 

^2 

Now f(z) = 


->(1) 


(z 2 +4)(z 2 +9) 

The poles are 

(z 2 +4) = 0 (z 2 +9) = 0 

z 2 =-4 z 2 =- 9 

z = ±2 i z = ±3/ 

Here z = 2 i, 3/lies in the upper half of the plane 

To find residue: 


= Lt (z-2/)- 


R , = 


z ^ 2 '' ' (z-2/)(z + 2/)( 

-4 


4/(-4+ 9) 




<b 




(z - 3ií 

6i(4-9) 


cT 


Rj “»3, (z : 3 ')^^r 3j) ( zi+ 4) 



R -6,(4-9) 

R 2 =^^- 

2ix-5 w 

10 / 

-1 _3_ 
5/ 10/ 


2> = 


r 2 = 

2> = 

2+3 1 


10/ 10/ 


\f(z)dz = 2m-^ i 
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J f(x)dx = y 


12. Evaluate 


í 


x sin x 

———dx using contour integration. 

x +a 


Solution: 

00 

Type III: Let J/(z>fe = J 


zsinz 


2 , «2 

Z + a 


dz 


Where c consists of the semi circler, and the bounding diameter [-R, R] 


Now, by C.R.T, 

R 

| f(z)dz = | f(x)dx +J f(x)dx — 

c -R r 

As R—> oo =^> | f(x)dx —» 0 
r 

00 

jf(z)dz= | f{x)dx 

C —oo 

Now replace x -> z, sin jc —> e K 


->(1) 


00 • 1 
r xsinx , 1 T r 

lz^z dx= d mg l 


Ze rdz > 


2 +a 2 =0 


cr 


fò 


The poles are given by z +a =0 

2%*+ a' 

Ci 

Z = +ai lies inside c 
Z = -ai lies outsr e 



= +ai, z = - ai 


oo 

(>)=►/ 


ze 


2 , 2 
Z + Cl 


xsinx , 1 T 

dx = — Im g 


x 2 +a~ 2 


2tzí -— 
2 


71 e 


13. Evaluate J 


2 K d 6 


0 13 + 5 sin d 


by Contour integration. 


Solution: 


Í ln 
0 


de 

13 + 5 sin 9 


(Nov-2012) 


(April-2013) 
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Z = e w dO = — sin 6 = 

iz 


2 

Z -1 

2 iz 


Sub (1) and (2) in the given integral, we get, 


•2/r dO 


Jo 13 + 5 sin 0 


= 1 


dz 

iz 


13 + 5 


2 1 

Z -1 

2 iz 


where c is the unit circle \ z \=1 


dz 


c iz 


■í 


26iz + 5z 2 -5 
2 iz 

2 dz 


:2 íi 




[5z 2 + 26/z-5] I [5z 2 + 26/z-5] 
2 x 2 tz 7 x .o) 


To find poles 

f(z) = 


1 


5z 2 + 26/z-5 


nN" 

Z- C _ A 


cr 


The poles are 5z + 26/z -5 = 0 
_ -26/ ±>/ — 676 + 100 

ÍÕ 



26/ ±>/-576 

Tõ 


-26/±24/ -13/±12/ 


10 


-13/+12/ -13/-12/ 
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25 i 


-i 

5 ’ 5 



Z = — and z = -5i 
5 


Out if these two poles only z = ~~ l' es within the unit circle |z| =1 

To find Residue: 



Sub in equation (1) 


J f(z)dz =2x2 nix^R 


| f(z)dz =2x2 /r/x — 
c 24/ 

• 2 ^r cld n 

0 13 + 5sin0 6 
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Exercises: 


1. 


í 


sm 7iz + cos;zz' 


2 - í 

c 

3. J 


(z - l)(z - 2) 
z + 4 


-áz where c is z =3 


z 2 +2z + 5 
(z-1) 


(z + 1) (z-2) 


c/zwherecis z + l-i=2 

dz where c is the circle |z - 1 '| = 2 


4. Find residue for J 


z + 1 


z“ + 2z + 4 


dzwherecis z + 1-/= 2 


5. Find the residue of /(z) = 


(z-1) 2 (z + 2) 


at each of its poles. 


Z.7Í 

6. Evaluate the integrais by using contour integration J 


dd 


13+ 5 sin é? 


2tt 

7. Evaluate the integrais by using contour integration J - 


cos 2 d 


2 71 


5 + 4COS6 1 
sin 2 6 


<19 


8. Evaluate the integrais by using contour integration [—d^ 


9. Evaluate the integrais by using contour integration f 

10. Evaluate the integrais by using contour integration í 


5-3cos# 

x 2 


(x 2 +a 2 )(x 2 +Z? 2 ) 


dx - 


x sin mx 




0 




2 . 2 
x +a 


dx 


n 

a + b 
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UNIT-IV 


FOURIER SERIES 


DIRICHLET CONDITIONS: 

1. f(x) is defined and single valued except possibly at a finite number of points in (1,-1) 

2. f(x) is periodic with period 21. 

3. f(x)andf'(x) are piecewise continuous in (-/, I). 

FOURIER COEFFICIENTS a 0 ,a n ,b n : 


The Fourier series for the function f(x) in the interval c < x < c + 2n is given by 


f(X) * 2 


a„ cos nx- 


oo 

V h sin nx 

n 

n =1 


C+27T 

where, a 0 = — í f(x)clx 

n J 


a n =- 

n 


c+2n 

— í f(x) cos nxdx 

TT * 


C+27T 

b n =— f (x) si n nxdx 

n J 


Fourier series in the interval (0, 21) and (-1,1) 

^ 1/4 




cr 


<ò 


Fourier series in the interval (0, 21) and (-1,1) with 
period 21 

/(*) = 

a n ir4 ruix . n7ix 

— +> a, cos- b> b ,sin- 

9 « / 

Z n=l 1 n= 1 1 

(0,2/) 

(-/./) 

l 2 

a o = 7 

1 \ 

\l 

[ /(x)r/x 
) 

ij 

«,= 7 J 

f /(x)c& 

1 

1 I 

a ” = /J 

1 c 

* , OTTX , 
/(x)c os - dx 

) ^ 

a = - I 
/ J 

r s 

/(x)cos - dx 

i 1 
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*-í3 
1 ( 

f nnx 

/(x)sin - dx 

> ^ 

6 " = yj 

r n;rx 

/(x)sin-r/x 

/ ^ 


1. Obtain Fourier series for f(x) of period 2L and defined as follows 

\l — x, 0<x<l 1 


f(x) = ■ 


0 , l < x < 21 


Solution: 


f(x)=^+y fl cos, , , 

^ n= 1 V 1 J n= 1 


rvTX \ 


y b si 


í nnx^ 


sin 


V i J 


To find a n 


1 11 

= - \f(x)dx 

L 0 

l l l 21 

= -1 (/ - x)dx + - J 0 dx 


il-xf 

-2 


+ — 


a,,= - 


To find a,. 




0 


d' 




cr 


h 


a. 


i 21 

= 7 Í/W 


U7TX 


cos— —dx 
l 


1 f. nnx , n 
= -J(/-x)cos- dx + 0 


u = l-x v = cos 


í nnx^ 


V i 2 
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u' = — 1 V, = - 


n7r 

nr 


u" = 0 v 2 = ■ 


( 117TX 

\~r 


i 

a n = “ 
1 


,. . . n;rx n;rx 

(Z-x)sin- cos- 

/ / 


T 


COS H7T ,, / 

-Z + 


2 2 

n ;r 


2_2 2_2 

n ;r n n 


(-1)"Z Z 2 


2 2 

/T 


2 2 2 2 

72 /T 22 7T 


[1-(-!)"] 


íü„ = 


^ 2 , if n is odd 
n n 

0, if n is even 


To find b„ 


i 21 

jJ/W 




0 






cr 


<b 


. nKX , 

sin- dx 

l 


1 f . . HKX , _ 

= -J(Z-x)sm- cZx + 0 


u = l-x v = sin 


^ nnxT 


V i J 


u' = — 1 V, = ■ 


1171 

l 
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u" = 0 v 2 = - 


. í riTTX 
sin - 

l l 


b =- 

'* / 




. nnx . nnx 

~(l — X) cos- sin- 

/ / 


nn 

T 


2 2 

n n 


= -[0 + /x—] 
/ n;r 


/?„ = 


nn 


,, , l Cr 2 / 


/I 2 2 

4 «=1,3,5 ^ ^ 


nnx -A l . nnx 
cos-h > —sin- 

/ /27Z" / 


9o 


2. Find the Fourier series expansion of period 21 for the function /(x) = (/ - x) 2 in the 
range (0, 21). Deduce the sum of the series 



Solution: The Fourier series of f(x) is (0,21) is given by 


To find a, 

21 


0 ' 


a , 


o 


= - \f(x)dx 

l 0 

l 21 

= - J ( l-x) 2 dx 




,, . do í Y17TX 7 

f M = Tf + Z a » cos- r + Z^ sm - , 

Z „ = i i n= i i 


(l-xf 

-3 


-| 2 / 


J() 


—+ - 
-3 3 


67 



21 


a o ~ 


To find <2„ 


\ = y J f (x)cos —j—dx 


i 21 

-Ui-xf 


cos —dx 
i 


I nnx 

= (/ — X) V = COS 



2/ 3 2/ 3 


2_2 2_2 

n n n n 


41 2 

2 n ~ — 2 

n n 


To find b : 


68 



K = yj/(*)sin ^-dx 
/ 0 / 

1 21 

1 r .2 . rmx . 
= - I (/ - x) sin- dx 

l 0 ^ 

u=(l — x)~ v = sin 





z 


1 

— cos 
n~ 


nxx 

~T 


Substituting x=2/, weget, 


( Z - 2/) 2 


f_ Al 2 

3 n 2 n 2 


Z 


1 

— cos 
n 


nn2l 

~r 


69 



3 n 1 ^ n 2 


t 2_?_ = 4^y_L 

3 n^n 


õ — r 2^~ 

5 n n 


—X —- Y — 

T x 4^“tí^ 


o° i 2 

Y 1 n 

Zj~2 ~ “ 7 “ 

n=l n O 


3. Find the Fourier series expansion of f(x) given that 

\ 1 , for o < x < 1 


/(*)=■ 


2 , for 1 < x < 3 


Solution 


\ 0 " 


<b 


(April-2013) 


Since the function is defined in the range of length 3, it can be expanded as a Fourier series of 
period 3. 



r í \ Li í\ x -1 rmx . nnx 

f (x) — —— + / ocos- vb „ sin- 

J K ’ 2 éf 3/2 " 3/2 


/(x) = — + 'S' 

2 éí " 3 


2n;rx ■A, . 2rmx . 

a„ cos- sm - ’ in (0.3) 

n=l 3 


_( 1 ) 


To find a 0 : 

I 3 

II dx + J 2 dx 

o 1 

;M>+2W: 



70 



<N | 


To find a,: 


10 


( 2 ) 


2 

3 




71 




" -3 I 

( 2nn^ 

1 o 3 

f 

r 6nn 2 


r 2nn ^ 

\ 

-cos 


-2x- 

cos 


-cos 



2 nn 

1 3 J 

2 nn 

V 

1 3 J 


1 3 [ 

/ _ 


2 

"3 

2 

3 

2 

3 


" -3 

c 

2 nn'' 

1 3 

3 /„ x 3 

r 2nn^ 

-cos 



+ 

-cos( 2 nn)-\ -cos 


2nn 

V 

3 J 

2 nn 

nn nn 

1 3 J 


" -3 I 

r 2nn'' 

-cos 


2 nn 

1 3 J 


3 3 3 ( 2nn' 

H-1-COS 


2nn nn nn 


V J J 


-COS 


^ 2 nn^ 


nn 


V J J 


v T-) 


nn 


'I-.' 

v2 y 


3 f 2nn ^ 
-cos - 

V 3 y 


2/ítt 


2«yr 


2 3 

= —x - 


Z? = — 

n 

nn 


3 2n;r 

1 


COS 


^ 2n;r^ 


-1 


V -5 J 


í 2nn ^ 


cos 


-1 


V J 7 


Sub (2),(3) and(4) in (1), we get 


.. . 5 -A -1 . 2 nnx 2nnx ^ —1 (T 

/W = - + 2j— sm — cos —+ Zj — !■ 
5 ~Znn 3 3 777 n;rl 


3 get 

VV 

-+y —Íi-cos^í 


cr 


<b 



sin- 


2nnx 


4. Obtain the fourier serí í expansion of f(x) given that f(x) = x-x 2 , in the interval 

—1 < x < 1. 

Solution: 

Given function is f(x) = x-x 2 , -1<x<1. 

Here 1 = 1. 

The given function is neither even nor odd function. So we can find ali the Fourier 

coefficients. 

a n ,a„, and h 


The Fourier series is 


a n 


/W = y+Z‘ 


cos nnx 


■& 


sin nnx 


..( 1 ) 


72 



To find a n 


i / 

-[f(x)dx 

l -1 

1 ^ 

= - J \x-x~)dx 

i i 

= J A'c /. Y'-j XX/x 
-1 -1 

1 

= 0 — 2 J x 1 dx = -2 


(v/=l) 


x 


To find a : 


-7Í/W 


nnx , 
cos- dx 


-i 


1 r 

= - J (x - x ) cos nnxdx 

1 1 1 

= — J xcos nnxdx - J x 2 cos nnxdx 

— 1 -i -i 

r 2 

= 0 - J x" cos nnxdx (v xcos nnx is odd) 

i 

= -2 J x 2 cos nnxdx (yx 2 cos nnx is even) 


31 


cr 


<ò 


u = x v = cos nnx 


ií = 2x v, = sin 


ps J 

v nn , 


u" = 2 v 2 =-cos 


^ nnx ^ 

~2 2 
\n n ) 


u" = 0 v, =-sin 


^ wrx ^ 


3 3 

V nn J 


a„ = -2 


2 sin nnx „ cos nnx „ sin nnx 
x"-+ 2x——-2- 


n;r 


2 2 

/2 ?T 


3 3 

nn 


73 



(- 1 )" 

0 + 2 ^ 4 - 2 ( 0)-0 
n n 


= -2 

_ 4(-l)" 
n~ n~ 

To find b n : 

b n = y { / (^)sin n7Z ^dx 
l l l 

1 

= | (x-x 2 )sin/2^xJx 

-i 

i i 

= | x sin nnxdx - J x 2 sin nnxdx 

-i -i 

i 

= | x sin nnxdx - 0 (v x 2 sin nnx is odd) 

-i 

i 

= 2 j x sin nnxdx (v x sin nnx is even) 


U = X V = Sin T17TX 


u'= 1 v, =-cos 


^ nnx^ 


V nn ) 


u" = 0 v 0 =-sin 


^ nnx ^ 


2 2 

\n n ) 


b = 2 


-x- 


cos nnx smn;rx | „ í-1)' 


-lo 

/-» vali IQO 


cT 


5 ? 


cr 


fò 


■* "" 

Substitute a 0 ,a n , and b n values in equation (1) we get. 


/«4 


— + 


I 


4(-l) ,! ^ f-1)" . 

cos nnx + / -2-——sin «ítx 
„=i nn 


2_2 

n n 


1 4 ^ 

- _ õ + y^Z 

•3 ;r «=i 


(-i)" 


2^(-l)" . 

, -cos nnx -> -——sin nnx 

n~ n n=1 n 


Fourier series in the interval (0,27t) and (- 71 , 71 ) 


Fourier series in the interval (0, 2 n) and (-n n) 


IA 




with period 2n 

a ™ 00 

f(x) = — + ^ a n cos nx +'^ J b H sin nx 

2 n = 1 n= 1 

(0,2 n) 

{-n n) 

Y 2;r 

a 0 = — f{x)dx 
n J 0 

1 f 

a 0 =— f{x)dx 

n -n 

| 2 71 

a n =— í f (x) cos nxdx 

71 ^ 

0 

1 } 

a n =— f (x) cos nxdx 

n J 

-71 

Y 2^ 

b n =— í /(x)sin nxdx 

71 * 

0 

1 f 

b n = — /(x)sin nxdx 

n J 

-71 


5. Express f(x) = (n-x) as a Fourier series of period 2k in the interval 0 < ) 

1 1 1 


Hence deduce that the sum of the series 1 


2 3 


Solution: Weknowthat, 


f (x) = — + a n cos nx + b n sin nx 


Given that, 


f(x) = {n-x) 1 in [0, 2 n] 


+ 2 71 

— í f{x)dx 
n i 




0 


c? 


& 


<0 

& 


interval 


1 Z;Z " 

= — ( n-x) 2 dx 

n { 


■( 1 ) 


1 {n-xf 



<2 n. 


75 




1 2n ò 


n 3 


a o ~ 


^ 2 K 

i n = — I f (x)cos nxdx 

7T J 
yL 0 

1 2 71 

i f 2 

= — (n — x) cos nxdx 

TT J 


u={tt — X ) V = COS 71X 


, ow s. . «X 

= -2(;r - x) Vj = sin — 


11 r\ 

u =2 v.=-cos —- 


111 r\ • ' 

m =0 Vo = - sin — 


"“Ht 


cr 


fò 


i[Mi) Í-2»(1)YI 

* "* 4-1 " 5 JJ 


2 ;r ;r 


2 2 

7T n n 


Y 2;r 

b n = — í /(x)sin nxdx 

77 * 


76 



-1 17T 

1 r 2 

— I (n- x) sin nxdx 

71 * 

0 


u = (tt — x) v = sin nx 


u' = -2(tt - x) Vj = - cos 


b nx^ 


V n J 


u" = 2 v 0 =-sin 


^ nx ^ 

Vn 2 y 


w" = 0 v, = cos 


b nx^ 

Vn 3 y 


b = ■ 


n 


(x-x) 


-cos nx 




77 


+ (-2# + 2x) 


sinnx 2cosnx 


2/r 




n 


-n 2 2 n 2 

-+ —+-3 

n n n n 


•“"““■“‘O 


o 


<b 


b =0 


V\ 

Substituting equation (2), (3) and (4) in (1), we get 





. 2tt y" 4 • 

f(x) =-h > — cosnx+ > Osm 

2x3 tín 2 tí 


nx 




VV 

cos nx 


,y L s '- 

t-i 2 


■■( 4 ) 


n=l 


(;r-x) 2 = —+ 4 
3 


cos x cos 2x cos 3x 

—^ +;— + —x— + . 


..5 


Put x = 0 in (5) 


(0) = n 2 = —+ 4 
3 


1 1 1 

— H- j H- 7 + . 

I 2 2 2 3 2 


..6 


Here 0 is a point of discontinuity. 

The value of the function f(x) at x = 0 , is given by , 


77 



f(0) 


/(O - 0) + /(O+0) 


2 2 

n +n 


f(0) = n- 


Equation (6) becomes, 


n 


? TC . 

2 — + 4 


1 1 1 

— H-H-7 + . 

I 2 2 2 3 2 


1 1 1 

——t + . 

l 2 2 2 3 2 


^2 n 
— n - 


111 2 7T 

— H H —- + ... —- 

l 2 2 2 3 2 12 


1 J_ _51 
F + 2 r + ? + '" _ ~ 6 ” 



<b 


6. Find the Fourier series of period ln for t function f(x) = xcos xin 0 < x < 2 n. 

(April-2013) 

Solution: 

Given /(x) = xcosxinO < x< 2;r 



-J Z./Í 

= - f f(x)dx 

7T * 


^ 2 n 

— xcosxJx 

n J 


o 


= — [xsinx-(l)(-cosx)] 

;t l 

— [(27T sin 2;r + cos 2^-) — (0 -l)] 

_( 2 ) 


n2;r 


7T 


1 


— ( 1 - 1 ) = 0 _ 
n 


78 



7ti 2ti 

a„ = — f(x)cosnxdx =— xcosxcos nxdx 
n í n { 


-t 7 tI 

= -\ x 

n J 


cos (n + l)x + cos(l - n)x 


2 n 


0 L 

2 71 


dx < Since CosA cos B = 


Cos(A + B) + Cos(A - B) 


2 n 


0 


u = x v = cos (n + l)x 
u = 1 v, = sin 


| xcos(n + l)xc/x + | xcos(l-n)x dx 
o 

U = X v = cos(n - l)x 
w' = 1 v, = sin 


A (/i + l)x^ 


(n + 1) 


V v' 1, 1 -v / 
í 


u" = 0 v 2 =-cos 


(n + l)x 

(» + l) 2 


A (n-l)x A 
v («-!) y 
r 


u" = 0 v 2 =-cos 


(n - l)x 
(n-X) 2 




a,. = 



. 


(1 - n)x 


. f (l-n)x . 

xsm -- (l).-^s 

1 ~n ) 1(1 -n) 


-\2 71 


2Jo 


+ COS 

^ (1 — /7)2tt ^ 


1 ( 1 - tt ) 2 J 


+ cos 


(l-w)O 

(l-/i) 2 


fl, = — I xcos" xJx 
n 


2;r 

= — [ x (1 + cos 2x) dx 
2 7C { 


2 tt 

= — x + xcos2x<ix 
2;r l 


u—x v = cos2x 


u' = 1 v l = sin 


2x 


u" = 0 v 2 


-cos 


V 4 y 


79 



1 

x 2 xsin2x cos2x 

-L |_ 

2n 

1 

~ / 2 \ 

4;r 2^- sin 4;r cos 4;r 


r íYI 

1 4 J 

2 n 

2 2 4 

0 

2 n 

1 2 2 4 J 



2tt 

b = — í /'(a) sin nxdx 

n i 


2 n 

= — x cos x sin nxdx 
n í 


=-) 

ir • 


2 n r 


— I X 

* 0 L 


sin (n + l)x + sin(n - l)x 


dx 


2n 


2 k 2 n 

| xún(n + \)xdx + J xsin(«-l)x dx 


u — x v = sin(n + l)x 
0 n + l)x 


u = x v = sin(n - l)x 


u= 1 Vj = —cos 
u" = 0 v 0 =-sin 


(n + 1) 

(n + l)x 

> + 1) 2 


, , [ (n-l)x ! 

n =1 v, = — cos - 


0 


0 


//" = 0 v’ 2 = - sin - 


V'- J 

^(n-l)x 


(n-iy 


b = — 
" 2 n 


x-cos 


(1 + n)x 
1 + n j 


n +1 n-1 


tf 


+ sm - 

0 


A 


-\2 n 


(l + «) 2 JJo 


2;r 


x-cos 


(ft-l)x 
n — 1 


+ sm 


(n-l)x 

(»-l) 2 


-|2;r 


JO 


—2n 

~~2 7 

n -1 


, if n ^ 1 


-■( 4 ) 



n 


b x = 


1 

2 n 


2 n 

| xcosxsin xdx 
0 

2n 

| xsin 2xdx 

o 


n = x v = sin 2x 


80 



u' = 1 v, = -cos — 


U = Vt=-S1I1 


. ( 2x 


1 ( 2x i . ( 2x 

b, = — x - cos — + sin — 
2 n 2 ) 4 


2 


Using the above values in (1), we get 


f(x) = no osx — sinx-2 V —- sinnx 

2 n= 2,3,.... \ n — ly 




f-;r, -;r < x < 0 

7. Find the Fourier series of f(x) if f(x) = 4 dedu .e that 

x , 0< x< n 


1 J_ J_ _5_ 

l 2 + 3 2 + 5 2 + .~ 8 


Solution: The Fourier series for the function f(x) in (- n,n ) is 


. i no ruuiieí bonob iui mo luncuun mx 

f (x) = — + 2^ «„ cos nx + 2^ b n sin nx 

2 n=l n= 1 

j 0 71 

— | -nclx +1 xdx 


O 


1 r 

a 0 = — f{x)dx 
n 


(Nov-2012) 


1 / 2 V 1 2 

1 / \0 X 1 2\ 7C 

- (-^L+ y =- o+(-^-)+— 

7T l Z /. TC Á 



81 




n 



1 K 

a n = — f {x) cos nxdx 

n J 



U JL 

| -n cos nxdx + J x cos nxdx 


u—x v = cos nx 


w = 1 Vj = sin 





82 



U'= 1 Vj=-COS 


^ nx ^ 


V n J 


u" = 0 v,=-sin 


í nx^ 
\n~) 


b = — 

n 

71 


n 


n 



r ncosnx^ 

0 

_l_ 

_V OAC 

f /ÍX l 

+ sin 

(nx Y 

' ;T 


1 n ) 

1 

-n 

A vUo 

W j 

y_ 

-0 


n ncosnn n cos nn 


+ 0 


n n 


n 2 n cos nn 


n n 


n 

nn 1 


[l-2(-l)"] 

K - -[i- 2 <-ir] 

n J 

Substituting a 0 ,a n ,b n in equation (1), we get 




cr 


h 


_ 00 ^ 00 1 

f(X) = —+ S -i-COS/K + X-fl^-irJsi 

^ «= 1 , 3,5 n n M 11 


sin nx 


n 2 
4 n 


cosx cos3x cos5.it 

—^ + —r— + —„ • 


+ 3 sin x - 


sin 2x 3 sin 3x 


Put x = 0 in (2), 


f(0)=-f-- 

4 n 


1 1 1 

l 2 3 2 5 2 


Here 0 is a point of discontinuity, 
f(0) = /(O ~ 0) + /(O + 0) 


~n + 0 + 0 + 0 


83 




-n 

~T 


From equation (3) and (4), 


-n n 2 
2 4 n 

-n n _ 2 

2 4 ;r 


1 1 1 

l 2 3 2 5 2 


i 1 1 

1H—7 H-7 ■ 

3 2 5 2 


(- 7 C 'l 

-2 

" i 

1 

— 

= - 

1H — 7 

H-7 + ... 

1 4 J 

1 n 

L 3 

5 J 


n 1 . 1 1 

-— 1H—7 H—7 + ... 

8 3 2 5 2 


M 1 1 _n 

( l . e .) 1H—7 H—7 + ... —- 

3 2 5 2 8 


Even function 

A function / (x) is said to be even if / (-x) = 
Example. x 2 ,cosx,sin 2 x,|x|,xsinx 

Odd function 

A function /(x) is said to be odd if /(-x) = -/(x) 



Example. x,x 3 ,sinx,tan 3 x 


EVEN 

ODD 

Fourier series in the interval (-n n) with 

j 

period 2 n anC | f( x ) j S even 

Fourier series in the interval í-;r n) 

j 

with period 2^ a nd f(x) is odd 

a 00 

f(x) = ir + Yj a n cosnx 

^ n= 1 

00 

f(x)=Y jK sinnx 

n= 1 

a 0 = — J f(x)dx 
n 0 

b n = — J /(x) sin nxdx 
n 0 


84 






Hence f(x) is an even function. Therefore, b n =0 


f(x) = — + (a n cos nx) 

2 n=l 


85 




2 

a o ~ 

n 


u 

| f(x)dx 


1-* 


n 

2 

n 

2 

n 


a 0 = 0 


dx 


n ) 


n 


Jo 


n-- 


n 


TC 


a„ = — j f(x) cos nxdx 


Sth-* 

^nV Xj 


cos nxdx 


2x 

u = 1-v = cos nx 

n 


u = -Vj = sin 

n 


u" = 0 v, = — cos 


(—) 
v n J 




0 


cT 


5 ? 


cr 


& 


2 " 

Y 2x1 


(nx\ 

2 

fnxY 

— 

1- 

sin 

— 

-cos 


n 

_v n ) 


1 n ) 

7C 

W )\ 


= o 


2 2 (- 1 )" 
n n n 1 


2 

nn 1 


4 

;rn 2 


[(-ir-r 


4 0, if n is even 

-< 

nn 2 [-2, if n is odd 


86 



nn 


n = 1,3,.... 


. 8 ^ cos nx 

f(x) = — 2 , 


K «= 1 , 3,5 n 


n 


cos x cos 3x cos 5x 


l 2 


Put x = 0 


f(0)= — 
8 


1 1 1 

-y H ——y + . 

I 2 3 2 5 2 


1 

8 


1 1 1 

y H-- T- +.... 

I 2 3 2 5 2 


n 

T 


i i i 

— H— j ~\—7 + .... 

I 2 3 2 5 2 


\0 


fò 


9. Obtain the Fourier series of period 2 n , for *he lunction f(x) = x in (~n,n) . Specify 
the sum of the series at the end points x = (-n.n). Deduce the sum of the series, 


i 1 1 ^ , 1 1 

1 + —r + —r + ... and 1- — + — - 
2 2 3 2 2 2 3 2 






Solution: Givenf(x)=x 

f(-x) = (-x) 2 =x 2 =f(x) 
f(x) is even function 
The Fourier coefficient b n = 0 
The Fourier series is given by . 


f (x) = — + V a n cos nx 

2 „ = i 


where a 0 


2 

n 


| f(x)dx 
0 


87 






2 

n 


88 



4(-i r 


n 


Substituting a 0 ,a n in(1), weget 


n 2 « 4(-l)" 


<(x)^ + Z 


- cos nx 


n =1 


71 


2 oo / i\n 


■ + 4Z 


(- 1 )" 


cos nx 


n 


2 ^ , 
x 2 = — + 4 


1 cos 2x cos 3x 

-7 COS X + -t- - -+ . 

I 2 2“ 3 2 


■■■■( 2 ) 


Here x = n is a point of discontinuity 



n = —+ 4 


In 111 
-— — H-7 H- - + ... 

12 l 2 2 2 3 2 


;r_J_ J_ J_ + 
6 _ l 2 2 2 3 2 


Put x = 0 in equation (2) we get, 


. n 
0 = — + 4 
3 


1 1 1 

-7 H- 7 -7 +. 

I 2 2 2 3 2 


89 



-— = -4 


j_ \_ J_ 

F 2 i+ F 


7 ^_ J_ 

12 ~ 1 2 2 2 + 3 2 


10. Obtain the Fourier series to represent the function f(x) = \x\ , -n<x<n and deduce 

.. . 1 1 1 _ 

that — h ——7 + — — 

l 2 3 2 5 2 8 

Solution: f(—x) = \—x\=\x\ = f(x) 


f(x) = x is even 


b =0 


The Fourier series is given by f(x) = — + a„ cos 


2 

where a 0 = —jf(x)dx 


x 


n 


a 0 = n 



= —\\x\dx= — \xdx 

TZ •< 77- J 


= -{7t 


a n = ~ 

n 


vi 

J f(x ) cos nxdx 


z 2 * 

= — Ixlcos nxdx= — x cos nxdx 

7TÍ 7t{ 


u = x v = cos nx 


U = 1 Vj = ■ 


n 


90 




U= 0 V 2 =-- 

n 


n n 


*_2 

cosn/r 

cosO 


2 

2 

0 TC 

n 

n 


2 (- 1 )" 1 


2 2 

n n n 


= — [(-!)"-!] 
n n L J 

2 f0, if n is even -4 


, n = 1, 3, ... 


/r/r -2, if n is odd n /r 


, v . tc ^3 —4 

/ (*) = — + X — cos nx 
2 „ =u /r/r 


x=/r is the point of discontinuity at the end point. 

~ x f(~x) + f(x) 


/(*) = —— 
_/r + /r _2/r 

2 ~1T 


TC ^3 —4 / y 

^ = X -TÍ- 1 ) 

2 «=i, 3,5 Tcn 


0 


c? 


& 


TC -4 -1 -1 -1 

TC -=-^ + —+ —+. 

2 TC L l 2 3 5 


TC TC _ 1 1 1 

2 - 4~ I 2 ? ? 


cr 


<b 


/r _ j_ J_ J_ 

8 ~ l 2 + 3 2 + 5 2 + ‘ 


11. Find the Fourier series for f(x) = |cosx| is the interval (-/r,/r) 
Solution: Given that f(x) = Icosxl 


91 





f(-x) = cos(-jc)| 


cosx 


= f(x) 


f(x) is an even function =>bn=0 


COS x\ 


COS X 0 < x < — 

2 

K 

— COSX — < X < 7T 
2 


Hence the Fourier series f(x) is given by f(x) = 



oo 

y c/„ cos nx 

n =1 


where a Q 


a Q 




2 

n 



cos xdx 


2 _ 

n 


(sinx)^ +(-sin x)* 


n 


: [(l-0) + (-0 + l)] 



2Í 


a n = ~ 

n 


J f(x) cos nxdx 


2 


n 


n 

J |cosx|cos7íxc/x 
0 
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o 


7T 

Z. 

cos x cos nxdx + 

-cosxcos nxdx 

X 

J 

0 

J 

% 


f 1 71 \ 

í — [cos(n + l)x+cos(n-l)x]dx- í — [cos( n +1) x +cos( n -1) x\ dx 
* 9 J . 9 


2 

2x 


sin(n + l)x sin( n -l)x 


n +1 


n — 1 




2o 


sin(n+l)x sin(n-l)x 


V 


n + 1 


n - 1 


sin(n + 1) ^ sin(n -1) ^ 


n + 1 


n — 1 


sin(n +l);r sin(n -l);r 


n + 1 


n-1 


+ 


sin(n + 1) ^ sin(n -1) ^ 


n + 1 


sin(n + l) — sin(n-l)— sin(n+l)— sin(n-l) — 

__ 


n + I 


n-1 


n + 1 


> 


2sin(n + l)y 2sin(n-l)y 


n + 1 


n-1 


s? 


O 

o v 


<b 


n-1 


2 

X 


. nn x nx . x . nx x nx . x 
sin—cos —h cos — sm — sin—cos-cos — sin — 

2 2 -^2 f | 2 2 2 2 


n + 1 


n-1 


nx nx 

cos — cos — 

2 2 


n+1 n-1 


2 nx 
— cos — 
x 2 


n—l—n—l 
n 2 -1 


, n +1 


-4 cos 


nx 


x(n -1) 


provided n + 1 


Where n = 1, we have 
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— í Icos x| cos xdx 
tc{ 


2_ 

tc 


/Z u 

J cos x cos xdx + J - cos x cos xdx 


2 

tc 


2 

n 


/Z u 

J cos 2 xdx + J - cos 2 xdx 


| |7 + cos2x^j j|7 + cos2x^ 


dx 


2 1 
tc 2 


x + ■ 


sin 2x 


Jo 


x + ■ 


sin 2x 


2 J 


n 


n n 

- TC - 


= -[x-7c] 


a, = 0 


7 w 

••• f (x) = -+E 


-4cosn 


TC 






TC tÍTCin 1 - 1) 


-cos nx 




cr 


fò 


, ^ 
n a oo -4cosn — 

I I Z 4 ^ 2 

cos x = -> - r—— cos nx 

TC TC ^2 ^(n“-l) 


HALF RANGE SINE AND COSINE SERIES 


Half range Fourier sine and cosine series in the intervals (0, tc), and (0, 1): 


Fourier Sine Series 

Half range Fourier sine series in (0, tc) 

Half range Fourier sine series in ( 0,1) 

00 

f(x) = Y J b n sin nx 

n =1 

^ . riTcx 

/(x) = 2A sin 

n=l * 
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2 71 

b n = — | f (x) sin nxdx 
n 0 

b n - J / (x) sin dx 

n J Q 1 

Fourier Cosine Series 

Half range Fourier cosine series in (0, n) 

Half range Fourier cosine series in ( 0,1) 

d 00 

f(x) = ^- + Y j a n cos nx 

" n= 1 

, «o v-> nnx 

/(*) = "+ 2^ cos , 

^ n= 1 * 

2 K 

a 0 = — J f(x)dx 

71 0 

«o = yj /(•*)<& 

a n = — J f(x) cos nxdx 
n 0 

a„- í/W cos dx 

1 0 / 


12. Obtain the half range sine series of the f unction f(x) = k x(x -1) is 0 <x<l 
Solution: We know that the half range sine series of f(x) in (0,1) is given by 

oo 

/(*) = &> sin: 


nnx 


l 


2 1 

Where b n = — J / (x) sin ^^-dx 


= — | (kx" - kxl ) sin ^dx 


,2,1 ■ I n7VX 

u = kx - kxl v = sin — 

1 ' 


nnx \ 


$ 




n (0,1) is given t 

cr 


nnx 
cos- 

u = 2 kx -kl v, = - - — 

nn 

T 


sin 


nnx 


u" = 2 k 


v i=- 


l 


2 2 

n n 
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COS 


H7TX 


u" = 0 


v 3 =■ 


3 3 

n n 


b " = l 


(kx 2 -klx^j 


í nnx ^ 
-cos- 


nn 

T 


-(2 kx-kl) 


í . nnx ^ 
-sin- 


2 2 

n n 


+ 2 k 


nnx ^ 
cos- 


3 3 

n n 


J o 


2kcosnn 2 k 


3_3 3 3 

n n n n 


4kl 

n 3 n 3 




= b„ = 


0 if n is even 
-8 kl 2 


3 3 

n n 


■if n is odd 


. -A -8 kf . nnx 

f ( x )= 2 ^—— sm 


n 3 n 3 / 


n= 1,3 


, / -8&/ 2 . /i;tx 

kxyx — /) = ^ „ , sin 


n=l,3,5 


-8 kl 


n 


2 oo 



n 3 n 3 l 


n=l,3,5 n 


Skl 2 ^ 1 

F(X) = -n 

n „ =1 (2/i-l) 


-sin 


( 2n-\)nx 
1 


13. Expand /(x) = cos x, 0 < x< n in Fourier sine series. 


Solution: The given function is f(x) = cosx,0<x<n 


We know that the half range sine series of f(x) in (0,;r) is given by 


/(x) = l>„sin= .(1) 


n =1 


96 




Where b n 


2_ 

n 


n 

| /(x) sin nxclx 
0 


To find b n : 


b n = — J f (x) sin nxclx 


2_ 

n 


n 

| cosa' sin nxclx 
0 


= ~j~ [sin(nx + x) + sinfnx - x)]c/x 


n 


n 


cos(n + l)x cos(n-l)x 


n +1 


n — 1 


cos(n + l);r cos(n-l)^- 1 1 


n +1 


n -1 n +1 n -1 


(- 1 )" (- 1 )" 1 1 


n +1 n -1 n +1 n -1 


-[!■+(-!)" 1 
;r L J 


1 1 


n +1 n —1 


cr 


<b 


n 2 -1 


= Iri+(_i)"i l 2n 

n L J 

To find b { : 


provided « 




[v cos(n ± X)n = -(-1)” ] 


b x = — | /(x) sin xc/x = — | cos x sin xdx 

c\ c\ 


n 


71 

J sin 2 xdx 
0 


[v sin 2x = 2 sin x cos x] 


1 

cos2x 

* 1 

r i 

n 

— 

— 

= - 

—+- 

n 

2 

o K 

L 2 

2J 


Equation (1) becomes 
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f(x) = Yb, 

n =1 


. H7ZX 

sm- 

/ 


CO | 

= 0.sinx + ^ — ri + (-l)' ? l 


2 n 

~i 7 
n -1 


sin nx 


4 


cosx = — 
n 


Z 


n 

n 2 -1 


sin nx 


f x ,0 < x < 1 

14. Expand the function f(x) = < in the interval (0, 2) in a cosine series. 

2-x,l < x< 2 


Solution: The Fourier series for f(x) in the interval (0,2) is, 

.. , a n -A tmx -A. . nnx 

f ( x ) = -f+ cos ~r + 2 A sm ■ 


/ 


/ 


1 21 

~\f(x)dx 

l n 


z 

= j/(x)Jx 


I z 

= | xdx + J (2 - x)dx 


0 1 


fA 

1 

1 ^ 

~(2-x) 2 ” 

UJ 

- 

_o 

L - 2 J 


.1 


1. 


N 


$ 


0 


c? 


& 


cr 


fò 


= (-)+[ 0+-] 


1 1 

=-1- 

2 2 


a n = y J f (-^)cos —j—clx 
/ 0 l 


98 



f nnx , r,_ . nnx , 

J xcos- dx + J (2-x)cos-r/x 


u = x v = cos- 


u = 2-x v = cos - 


w' = 1 Vj = 


. n;rx 

sin- 

/ 


-1 v, = 


. nnx 

sin- 

/ 


«" = 0 v 2 = ■ 


h" = 0 v 2 = ■ 


. n/rx n;rx .. . . nnx 

xsm- cos- (2-x)sm- cos 

_ l_ + _ l_ + l _ 

nn rcn 2 nn ^ n : 


2 2 2 2 2 2 

n ti n ti n Ti n 


/ivfc n jl n jl 

_ T ~T Jo L T ~F 

( sin nn cos nn 1 ^ í -cos 2nn cosnn') 

_I-+_I- 

2 2 22 22 22 

v, nn n n n n J \ n n n n J 

(-1 r i_i ,(-!)" 

n 2 n 2 n~n 2 n 2 n 2 n 2 n 2 

2(-l)”-2 
n 2 n 2 


nnx 

tJt- 

í-i 


O 


fò 


2(-l)"-2 


i 21 

íJ/w 


. nnx , 
sin-r/x 


r . nnx , r . . nnx , 
= J xsm-r/x + J(2-x)sm- dx 


u—x v = sin - 


u = 2 — x v = sin - 
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-COS 


nnx 


u =1 Vj = ■ 


/ 


nn 

T 


-COS 


nnx 


U = -1 Vj = ■ 


/ 


nn 

T 


u" = 0 v 2 =■ 


. nnx 
-sin- 


2 2 

n n 


u" = 0 v 2 = ■ 


. nnx 
-sin- 


2 2 

n n 


nnx . nnx 

-xcos- sin- 

l l 


nn 

T 


-(-!)" , (-1)” 
nn nn 


2 2 

n n 


0. 


. nnx . nnx 

-(2 - x) cos- sin- 

__ l_ + 1 


nn 

T 


2 2 

n n 


.. x 1 ^(-l)"-2 nnx 

••• f(x)= -+2 / ' - cos - 


2 ^ nV 2 l 


f(x) = — + > - — 5 —cos nnx 

2 nr 


cT 


5? 


cr 


<b 


/>r 

15. Expand the function í (x) = sinx,0<x<;r m Fourier cosine series. 


Solution: 


\ &r\ 


/M=^+IX cosnx 

" n=l 


2 

«o — 

n 


2 

a o = ~ 
n 


2 

«„ =- 

n 


\f{x)dx 

0 

f sin xdx= — |"l - (-1)1 = 
o ^ 

71 

J f(xjcosnxdx 


4 

n 


a n =—\sin xcos nxdx 
n { 


(Nov-2012) 
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2 r 1 

a„ = — — 


J —[sin(l + n)x + sin(l-n)x dx 


n o 2 


a n=~ 

n 


- cos(l + n)x - cos(l -n)x 


1 + n 


1 — n 


-1 


a„ = 


n 


a n= - 

n 


cos(l + n)^- cos(l-n)^- 


1 + n 


1 — n 


cosO cosO 


1 + n 1 -n 




1 +n 1 —n 1 + n 1 —n 


a „ = Ofor n ^ 1 andnisodd 
2 ' 

a i= — 

n 


J sinxcosxr/x = 0 


a n=~ 

n 


2 

a n=~ 

n 


(->r+' + H' +i 


1 + n 

(-!)"+! 
1 -n 2 


1 — n 

4 

n\ 1 - 


7 w 

/( x )=-+ z 


n n=2A,..n\Y- 


- —7 --, n is even 

k(\- n 2 ) 

4 

(I^) COS ” 

vaN 


cr 


h 



Exercise: 

Find the Fourier Series for the following functions: 

[O, -1 < x < 0 
1, 0 < x < 1 

\x, -l<x <0 
[x + 2 , 0 <x<: 

[x, - ;r < x < 0 
| 0 , 0 < x < n 


1 - /(x) =' 

2 - /(*) = ■ 

3. /(x) = ■ 



4. /(x) = 


f-;r, -;r<x<0 

I 0, 0 < X < JT 


5. Express /(x) = 


í \ 2 

' 7T-X ' 


\ ^ J 


as a Fourier series of period 2 n in the interval 0 < x < 2 n . 
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UNIT-V 


Root Mean Square Value (Effective value of the function) 

The root mean square value of / (x)over the interval (a, b) is defined as 




3. Find the R.M.S value of f(x) = (x-x) 2 in 0<x<2;r 
Solution: 

R.M.S = 
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4. Find the R.M.S value of f( x ) = x-x 2 in -l<x<l 


Solution: 



1. Find the R.M.S value of f{ x )~ xm tt<x<t: 
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Note: 


(i) lf the Fourier series corresponding to f(x) converges uniformly to f(x) in (-/,/) then 

-t l 2 oo 

- ] \[f{ X )l dX = \ + Y l [ a n +b n) 

1 _/ Z n =1 

(ii) lf the Fourier series corresponding to f(x) converges uniformly to f(x) in then 


n 


JL ci 00 

J [/(*)] dx = ^- + '£ j (a;+b 2 ) 

-7T. ^ n =1 


5. Obtain the Fourier series of period 2 n , for the function f(x) = x 2 in (~/r,/r). Specify the 
sum of the series at the end points x = (~n,n) . Deduce the sum of the series, 

i 1 1 

2 4 3 4 


Solution: Givenf(x)=x 

f(-x) = (-x) 2 =x 2 =f(x) 
f(x) is even function 
.'. The Fourier coefficient b n = 0 
.'. The Fourier series is given by 


where a Q = —^f(x)dx 


— í x 2 dx 
n { 



f M= -f + X a n 


2 

n 

2 

K 


X 

T 

n 3 


2^ 2 
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2 

a n= ~ 

n 


| f(x) cos nxdx 


= — í x cos nxdx 

TT " 


u = x" v = cos nx 


u -2x Vj = 


sin nx 


„ _ -cos nx 

u =2 v 2 =-^— 


m r\ 

U — 0 Vo = 


n 


- sin «x 
n 


a = — 

n 

n 


í x 1 sinnx^ 


TC 


2n{-X) n 


2x cos nx 2sin nx 


n 


-0 


;r 


2tt(—1)" 


77 


4(-l)" 


77 




cT 


5? 


Substituting a 0 ,a n in (1),weget 


TC 2 ^ 4(-l)" 




- COS 77X 


cr 


fò 


77 


Parseval’s theorem on Fourier constants 

lf the Fourier series corresponding to f(x) converges uniformly to f(x) in (-n,n) then 

2 o 

1 


- \ [nx)\<h = ^ + Y,(al+bl) 

^ -7, ^ "=1 
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n 


+ E 

n =1 


^ 4(—1)" ^ 

v , 


n 


v5y 


4;r 4 


18 


ví—" 
2-1 ,„ 4 

n=l \ n J 


1 

;r 


f 2n 5 ^ 


v 5 y 


4;r 4 

18 


+16 ÉÍé 


=iV« J 


f 2n^ 


V 5 y 


Ux" 


v 18 y 


= 16 Éf-j 


„=iv« ; 


^36;r 4 -207r 4A 

90 


= 16 ÉÍ- 


4 3 


16;r 
90x16 


■ay 


h 


X 0 

6. Expand the function /( x ) = x, 0 < x < n in Fourier cosine series and hence deduce 


V 90 y 


1 1 1 

— — H-- H-- +_ 

l 4 2 4 3 4 


co 1 

Z 3T 

that "=‘ 3 5 n 
Solution: 


fl a _ c0 

/( x )=^f + 2 X cosnx 

^ n -1 


i ruu 

cf 


2 

«o =- 
n 


]f{x)dx 


O n 

1 r 

2 

x 1 

n 

2 

n 2 

— xdx— 






TT J 
/L 0 

n 

~2 

0 

n 

2 


= n 


2 

a n=~ 

n 

2 

a n=~ 

n 


| / (x) cos nxdx 
o 

n 

J x cos nxdx 


0 


U = X V = COS JVC 

. sin nx 

W = 1 Vj =- 

n 
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u" = 0 v 2 =■ 


co s nx 


2 

a «=~ 

n 


xsin nx cos nx 

-+-x— 


n 


n 


2 

n 

2 

TC 


_ 2 _ 
n 


0 + 


cos nn 


\ 

f 1 "il 
°+- 

- 

y 

1 » yj 






—^ if n is odd 


n 


0 if n is even 


a n =—— ,n = 1,3,5,... 

n"7C 


Substitute a 0 ,a n 


/«=§+ z 

z «=1,3,5... 


2((-l)”-l) 


cos «x 


« 71 


xcr 


e» 


<b 


Parsevafs theorem on Fourier constants 

If the Fourier series corresponding to f(x) con srges un ‘orrnly to f(x) in (~n,n) then 
1 } r „ t a~ ^ _ , ,, x 


n 


{[/(*)] ^ = ^ + f>„ 2 +ò„ 2 ) 

r> 

Mw*=T + SÍ‘á3 


]_ 

n 


x 

T 


^16 y J_ 

' 2 „4 


^ «=1,3,5... 


1 

TC 


_3 _3 

TC —TC 


3 3 

2;r 3 


_^r 16 

2 ' /T 2 y 


z A 


_y 16 y J_ 

~T + y jyy 


2;r 2 ;r 2 16 J 1 

71=1,3,5... 


o 2 4 

3 2 7T „ = \ t, < 71 
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7T_16 ^ J_ 

r — _2 2-1 4 

6 n /7=i 3 5... n 


_2 2 

n Ji 


= I 


1 


6 16 
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Exercises 


1. Expand the function f(x) = x,0<x<l in Fourier cosine series and hence deduce that 


I 4 


«=1,3,5... 


2. Expand the function f[x) = x{n-x). 


0 <x<7r in Fourier cosine series and hence deduce 


X 4 


that — „ 


rfO 


3. Expand the function /(x) = x, 0 < x< n in Fourier sine series and hence deduce that 


t- 

hn 2 


Complex form of Fourier series 


Interval 

Complex form of Fourier series 

With period 2/ 

[0,2*] 


1 2 

C ” o 

2 n ; 

n 

j* f(x)e~ inx dx 

D 


\> 

f(x) = X V"“ 

«=-oo 

1 

C n ~ ~ 

2 n •_ 

K 

j* f (x)e '"'dx 

■n 

K'] 

oo innx 

f(x) = 2 c n e ' 

«=—oo 

‘■-hl 

—innx 

f(x)e 1 dx 


7. Find the complex form of the Fourier series / (x) = e ax , -n < x < ti 

00 

Solution: The complex form of the Fourier series is f(x) = ^ c n e mx ... (1) 

«=—oo 
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Where c n = J f(x) e mx dx 


= — f e“ e inx dx 
2n •* 


= — f é lx ' im dx 
2n 

-n 

= — f e {a - ,n)x dx 
2 n 


2 -n 


(a—in)x 

e ' 

(i a-in ) 


2;r 


( 'a—in)7ü -( a-in)n 


(a-in) (a-in) 


(a-in) 


n 




sinJ 


h (a-in) 


n 


(a-in)/: 

Substituting c n in equation (1), wege 


/(*)= z 


= ^(a-in)x 


sinh (a- in ) nc 




cr 


<b 


1 oo mjc 

/(x) = — y] - -r-sinh(a —inW 

7i n= _, J: ( a-in ) 


8. Prove that the complex form of the Fourier series 


e x ,—n<x<n is e' = 


sinh n % 


Z <-!)' 7 

1 ——CO J- 


1 + in 


Solution: 

Given function is f (x) = e x ,-n <x<n 


The complex form of the Fourier series is f(x) = ^ c n é" 


..( 1 ) 
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Where c n = J f(x) e mx dx 


1 '} 

= — \e x e mx dx 
2 n 


= — í e {l ~ in)x dx 
2 n •* 


1 

2 n 


e ' 

(l -in) 


2 n 


^\-iri)n ^-( \-in)7T 


(l -m) (l-m) 


íl-inW —Í1— mV 





(l-m)/r|_ 2 


(-O” 


( l -in)n 


- sinh n 


sinh^-(-l)" (l + in) 
jz(\ -in) (l + in) 


c„ 


( 1) (l + m)sinh^- 


n 


(i + n 2 ) 


Substituting c n in equation (1), weget 
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(—l)" (l + m 

)é nx 

( 

1 + n 2 ) 



/( x )=—— L 

^ n=-cc 

9. Find the complex form of the Fourier series / (x) = cos ax, - n < x < n 
Solution: 

Given function is /(x) = cosax, -n<x<n 


The complex form of the Fourier series is /(x) = ^ c n e b 


...( 1 ) 


Where c„ = — j /(x) e mx dx 


" 2 n 


1 n 

J-f. 

") TT J 


= — | cos ax e mx dx 
2 n 


2 n 


\ 2 , 2 


(-m)‘ +«" 

a 

e 




m cos ax + a sin ax 


» £ 

v cos Z?x r/x = — ;-7 ( a cos bx + b sin bx 

J a 2 +b 2y 


2 n 


e im r . . n l 

——-- -m cos ax + a sin ax\ 

i 2 n 2 +a 2 L J J 


% 


<b 


e (- 1 . 




in cos an + a sin an 




m cos an + a 


sin(-a;r)] 


2n^ - n 2 ) 


(—l)" (-in cos an + a sin an) -(-!)" (—in cos an + a sin(-a^) 


1 

(-1) 

n 

1 r 

2n\ 

[a 1 - 

2\ L 

- n ) 


in cos an + a sin an + in cos an + a sin an 


c„ = 


(-1 

)" a sin an 

n( 

2 2 ) 

a —n 

- > 

1 


Substituting c n in equation (1), weget 
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/(*) = 


cos ax = 


a sin ax 


(- 1 )" e m 
(a 2 -n 2 ) 


10. Find the complex form of the Fourier series / (x) = e m , -l < x < l 


oo irmx 


Solution: The complex form of the Fourier series is f(x) = V c n e 


Where c n = — J/(x) e 1 dx 


i l irmx 

= — f e ax e 1 dx 
21 


= lf e^dx 
21 


21 mx 
a - 


a -1/ - a -/ 


21 inx inx 
a - a - 


( al—irm ) 


1-hlTT 




& 


cr 


fò 


21 al - inx al - inx 

V 


/ 


' ^ til -Mx —al itvr 

- e e -e e 

21 al - inx L 


1 / 

21 al—inx 


[e n/ (-l)" -e“ a/ (-l)"] 


(-1)" \e a '-e al 


( al-inx)\_ 2 


(-1)" (-1)" (al-inx) 

7 - 7 sinh al = , - „ - - , sinh al 

(al-inx) ( a 2 l 2 +n 2 x 2 ) 


Substituting c n in equation (1), weget 
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f{x) = é 


sinh al ^ 


(-1 y(al-inTr) = 

-7 --- rAe 1 

/ 2/2 , 2 2 \ 
la / +n n I 


11. Find the complex form of the Fourier series /(x) = sinx, 0< x< n 
Solution: 

Given function is /(x) = sinx, 0<x<7r 

The complex form of the Fourier series of f(x) in the interval [c,c+2l] is given by 

oo innx 

/(*)= Z °n e ' 

n =—oo 


Where c n 



irvrx 

e ' dx 


K 


Flere 2 l = x=>l = — 


n 




9o 


Replace / = — in the above series we get the required comr, sx form of Fourier series in the 
interval 0 < x < n as follows 

oo 

f( x )=£c n e 2im 


Where c n = — J/(x) e 2mx dx 


-Jsi 

ni 


c„ = — I sinx e """dx 



a +b 


(a sin bx - b cos bx) + c 




Flere a=-2in,b=1 
1 


c„ = ■ 


n 


2 inx 


(-i2nY 


— [-2 in sin x -1 . cos x] 


n 


-2 inx 


•2 2 


Ai n 


— [-2/n sin x - cos x] 


n 


^ ^ ^ lmn [-2 in sin n - cos n\ - e° [0 - cos 0] J 
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,-^ri+ii r- 

-(1-4 n 2 ) 1 1 L 


n[\n~ -l) 

Substituting c n in equation (1), weget 


f(x) = sinx =- Y 


00 inx 

Z 1 í. 


^4n 2 -l) 


Exercises 


Find the complex form of the Fourier series of f(x) 

1. / (x) = e ^, -n<x<n 


2. /(x) = e x , -1<x<1 

3. /(x) = e m , —l<x<l 
4- /(x) = e x ,in (0,2) 


Harmonic Analysis 


\/qíq iç ni\/pn h 


cr 


fò 


Fourier series in (0,2tt) using harmonic analysis is given by 

/(x) = -^- + a 1 cosx + o 2 cos2x + ... +b l sinx + Z? 2 sin2x + ... 

7 y y v cos nx y y sin nx 

Where a 0 = 2 ,a n = 2 - , b n = 2 ^- 

n n n 


a { = 2 


a 2 2 


y cos x Yy sii 

, b\ — 2 

n n 


Y }’ cos 2x 


, b 2 = 2 


Y y s i n 2x 


V ycos3x Vysin3x 

a 3 = 2 - , b 2 = 2 - 

n n 


Fourier series in (0,2 1) using harmonic analysis is given by 

. a n kx 2kx nx . 2 nx 

f(x) = — + a, cos-hc/ 0 cos-f... +b, sin- 1 -b 2 sin-f. 

2 ' l 2 1 1 l 2 l 
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Where 



n 


y y cos nxll 

, b x = 2 

^ y sin nx / / 

n 


n 


a 2 =2 


y cos 2xx /1 


b 2 = 2 


^ y sin 2;rx / / 


n 


efc. 


12. Find the Fourier series expansion of period 2 n for the f unction y = / (x ) which is 

defined in (0,2;r) by means of the table of values given below. Find the series up to the 
third harmonic. 

O 

) 


X 

0 

n 

y 

2 n 

T 

n 

4 n 

T 

5;r 

T 

2;r 

0 

y 

1.0 

1.4 

1.9 

1.7 

/ 

12 

J..0 


Solution: 

Since the last value of y is a repetition 
n = 6 

The values of ycosx, ycos2x, ycos3x, y$'íftx, ysin2x, ysin3x are tabulated below. 
We know that the Fourier series upto third harmonic is given by 

y = -~ + a i cos x + a 2 cos 2 x + a 3 cosSx + Z^ sinx + ò 2 sin2x + è 3 sin3x . ..(1) 

where the Fourier coefficients a 0 a Y ,a 2 ,a 3 ,b { ,b 2 and b 3 are to be determined. 


X 

y 

ycosx 

y sin x 

ycos2x 

y sin 2x 

y cos 3x 

y sin 3x 

0 

1.0 

1 

0 

1 

0 

1 

0 

n 

y 

1.4 

0.7 

1.212 

- 0.7 

1.212 

- 1.4 

0 

2n 

T 

1.9 

- 0.95 

1.65 

- 0.95 

- 1.645 

1.9 

0 


of the first, only the first six values will be used. 

vv 
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71 

1.7 

-1.7 

0 

1.7 

0 

-1.7 

0 

4 n 

T 

1.5 

-0.75 

-1.299 

-0.75 

1.299 

1.5 

0 

5n 

T 

1.2 

0.6 

-1.039 

-0.6 

-1.039 

-1.2 

0 


ii 

W 00 

Z y cos x _ 

-1.1 

Z y sin x _ 

0.5196 

Z y cos 2x 

=-0.3 

Z y sin 2x _ 

-0.1732 

Zycos3x 

= 0.1 

Z y sin 3x 
= 0 


a 0 = 2[mean value of y in(0,2;r)] 


= 2 


I.v' 


n 


= — x8.7 = 2.9 
6 


a 


j = 2[mean value of y cos x in (0, 2tt)] 
Z ycosx 


= 2 


a, =2 


a, = 2 


= -0.37 


Z .V cos 2x 


Z ycos3x 


= — x-0.3 = -0.1 


= — xO.l = 0.03 


b í = 2[mean value of ysin x in (0, 2k)\ 

■Zv S inxl = 2 x05196 = (wa & | 


= 2 




cr 


h 


ix=2 


b 3 =2 


Z y sin 2x 


Z y sin 3x 



= -x-0.1732 = -0.06 


= 0 


Substituting these values a^a^a^a^b^^ and b 3 in (1) we get 

y = C ^- + a l cos x + a 2 cos 2x + a 3 cos 3x + b x sin x + b 2 sin 2x + b 3 sin 3x 
= 1.45 + (-0.37 cos x + 0.17 sin x) - (0. lcos 2x + 0.06 sin 2x) + 0.03 cos 3x 
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13. Find the Fourier series expansion up to the second harmonic. 


X 

0 

i 

2 

3 

4 

5 

y 

9 

18 

24 

28 

26 

20 


Solution: 

Here y=f(x) value is 9 and 20 for x = 0 and x =5 respectively 
n = 6 


2/ = 6 => / = 3 and 0= — 

l 


71X 

3 


The values of ycosO,ycos20 ,yúnO ,yún26 are tabulated below. 


We know that the Fourier series second harmonic is given by 
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a { =2 


X .V cos 0 


2(-25) 


= -8.33 


a 2 2 


X .V cos 20 


2(-7) 


= -2.33 


\=2 


X y sin 0 


= -x (-3.463) = -1.154 


b 2 = 2 


X y sin 20 


= -x (0.001) = 0.003 


Substituting these values a o a,,a 2 ,0,,0 2 in (1) we get 

y = — + a j cos 0 + a 2 cos 20 + 0, sin 0 + Z? 2 sin 20 



T 

The values of ycos0, ysin0 are tabulated below. 

We know that the Fourier series second third harmonic is given by 

y = ~^ + a i COS0 + 0, sin0 ...(1) 

where the Fourier coefficients a Q a x ,b x are to be determined 
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a o 


a \ 

b l 



X 

2nx 

u — 

T 

9 

y 

y cos 9 

y sin 9 

0 

0 

0 

1.98 

1.98 

0 

T 

~6 

n 

y 

60 

1.3 

0.65 

1.1286 

T 

3 

2.71 

3 

120 

1.05 

-0.525 

0.909 

T 

2 

n 

180 

1.3 

-1.3 

0 

2 T 

3 

4 n 

3 

240 

-0.88 

0.44 

0.762 

5 T 
~6 

5n 

3 

300 

-0.25 

-0.125 

0.217 

Cj 




Z>’ = 4.5 

Zycos 9 

. X 

Z y sin 9 _ 3 01 


ly 


= —x4.5 = 1.5 


Z .V cos 9 


Z y sin 9 


2 ( 1 . 12 ) 


= 0.373 


~ ^ x (3-01) — i.003 


cT 




Substituting these values a 0 a^ in (1) we get 
The Fourier series upto first harmonic is 


V = — + a, cos 9 + b, sin 6 
' 2 1 1 

= 0.75 + 0.37 cos 9 +1.004 sin 9 

15. Find the Fourier series expansion up to the second harmonic. 


X 

30 

60 

90 

120 

150 

180 

210 

240 

270 

300 

330 

360 

y 

2.34 

3.01 

3.68 

4.15 

3.69 

0.83 

0.31 

0.51 

0.88 

1.09 

1.19 

1.64 
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Solution: 


Here y=f(x) value is 2.34 and 1.64 for x = 30 and x =360 respectively 
n = 12 


We 


be 


e 

y 

y cos d 

y sin 0 

30 

2.34 

2.026 

1.17 

60 

3.01 

1.505 

2.607 

90 

3.68 

0 

3.68 

120 

4.15 

-2.075 

3.594 

150 

3.69 

-3.196 

1.845 

180 

0.83 

-0.83 

0 

210 

0.31 

-0.268 

-0.155 

240 

0.51 

-0.255 

-0.442 

2 Z0y 

0.38 

=-X 

_10 

23.52°= 3.8* 

? -0.88 

300 

1.0Í 

1 

0.545 

-0.944 

3^0' ' 


' = 

2 (W)3f) 

0.0ft§95 

1 

2 

12 

360 

rvv< 

1.6* 

Àw 0 


1.64 

9 




2 


I E6^Sn 9 
' 

9.88 

|_ i 

z Xy \ 

23.3 

=0.123 


The values of ycos#,ysin0 are tabulated 
below. 

know that the Fourier series first harmonic is 
given by 


y = — + a, cos 0 + b. sin 6 
2 


..( 1 ) 


where the Fourier coefficients a n a ,and h are to 


determined 




jurier 

O' 


o, r 


Substituting these values in (1) we get 


«n 


f(x) = -^- + a l cos 9 


3 887 

+ b x sin 0 = — - v (0.0205 cos 6) + (l .647 sin 6) 


Exercises 

1. A function y=f(x) is given by the following table make a harmonic analysis of the function in 
(0,T) upto the second harmomnic 


X 

0 

T 

~6 

T 

3 

T 

2 

2 T 

3 

5 T 
~6 

T 

y 

0 

9.2 

14.4 

17.8 

17.3 

11.7 

0 
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2. Find the Fourier series expansion up to the second harmonic. 


X 

0 

60 

120 

180 

240 

300 

360 



y 

i 

1.5 

2 

3 

2.4 

2 

1 


idt 

he Fourier series expansion up to the third harmonic 

X 

0 

30 

60 

90 

120 

150 

180 

210 

240 

270 

300 

330 

y 

137 

164 

265 

325 

156 

-325 

-54 

-137 

-164 

-265 

-156 

54 


4. Find the Fourier series expansion up to the second harmonic. 


X 

0 

i 

2 

3 

4 

5 

6 

7 

8 

y 

10 

15 

17 

20 

22 

19 

17 

16 

10 


5. Find the Fourier series expansion of period 2 n for the function y = /(.*) which is defined in 
(0,2;r) by means of the table of values given below. Find the series up to t ,e second 


harmonic. 




X 

0 

n 

3 

2 n 

T 

n 

\ 

4 n 

s> 

isâ/r 

3 


y 

0.8 

0.6 

0.4 

0.7 

0.9 

1.1 

0.8 
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TWO MARKS 


UNITI 

FUNCTION OF COMPLEX VARIABLES 

1. Define the continuity of a function of a complex variable. 

The single valued function f(z) is said to be continuous at a point z 0 , if lim f(z) = f(z 0 ). 

Z—>Zq 


1. e. If a function f(z) is to be continuous at the point z Q , the value of f(z) at z 0 and the limit of f(z) 
as z -» z 0 must exist and these two values must be equal. 

2. When is a function of a complex variable said to be differentiable at a point 

The single valued function f(z) is said to be differentiable at a point r , if 

f(z 0 +Az)-f(z 0 ) 


lim 

At—>0 


Az 


exists. This limit is called the derivative of f(z) at z and is denoted as 


/(z o) 

3. Define complex variable. 




The quantity z = x+iy is called a complex variable. w, are xand y are two independent real 
variables. 

4. Define function of a complex variable. 

If z = x + iy, then w = u(x, y)+iv(x í y) is called a function of the complex variable z. 

(i.e.) w = f(z) = u(x,y) + iv(x,y). 

5. Define single-va» ed function and multiple-valued function. 

If for every value of z, there corresponds a unique value of w, then w is called a single-valued 
function of z. 


Eg: w = ~; w=z 2 ■ 
z 


If for every value of z, there correspond more than one value of w, then w is called a multiple- 
valued function of z. 


Eg: w = z 4 is four-valued. 
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6. Define analytic function of a complex variable. 

A single-valued function f(z) is said to be analytic at a point z 0 , if it possesses a derivative at 
z 0 and at every point in some neighborhood of z 0 . 

An analytic function is also referred to as a regular function or holomorphic function. 

7. State the necessary conditions for a function f(z) to be analytic. 

Necessary condition: 

If the function /(z) = u(x, y) + iv(x, y) is analytic in a region R of the z plane, then 

õu õu õv õv ,õuôv,ôv õu 

—, —, — and — exist and — = —and — =-at every point in that region 

õx ôy õx õy ôx õy ôx ôy 

8. State the sufficient condition for a function f(z)to be analytic. 

Sufficient condition: 

The single valued continuous function f(z) = u(x, y) + iv(x, y) is anal - tic : i a region of the z 

plane, if the four partial derivatives —, — , — and — have the following features: 

ôx õy ôx ôy 

(i)They exist, (ii) they are continuous and (iii) They satisfy the C.R equations 

õu ôv , ôv õu 

— = —and — =-at every point of R. 

õx ôy ôx ôy 

9. State the Cauchy-Riemann equations in polar coordinates 

The Cauchy-Riemann equations in polar coordinates satisfied by an analytic function 

r . . , . õu 1 ôv ôv 1 õu 

ôr r ôd õr r õu 

10. State Cauchy-Riemann Equations in polar co-ordinates and write down the result for 

fXz). 

Solution: Let f(z) = u(r, 6) + ?'v(r, 0), where z = re ,e 

-r. _ _ .. õu l ôv ôv -1 õu 

The C-R equations are — =-; — =-. 

õr r Õ6 õr r Õ0 

f'(re ls )e m = —+i — 
õr õr 


, l {õu .õv 
e' e { õr õr 


123 




11. Show that the function f(z) = z is nowhere analytic. 
Solution: f(z) = z 

u + iv — x - iy, where z — x + iy 

Equating real and imaginary parts we get, 

u—x; v = — y 

«,=!; v x=° 

U y=0-, Vy =-\ 

■■u x *v y and v x =-u y 



u = x 2 -y 2 ; v = 2xy 
u x = 2x v x = 2 y 

U y = -2 y Vy = 2x 
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:.u x =v v ; v x =-u y are satisfied everywhere. 

Therefore, f(z) is analytic. 

(b). f(z) = xy 2 +iyx 2 

u + iv = xy 2 + iyx 2 

u = xy 2 v = yx 2 
u x = y 2 v x = 2xy 
«v = 2.i;v v y = x 2 


Here « ^ v„ and v v = —u 

x y x y 

But u x = v T & v x = -u y are satisfied only when x = y = 0 
(i.e.) f(z) is analytic only at the origin. 

14. If /(z) = r 2 (cos 26+i sin/?#) is analytic, then what is the value of p? 
Solution: /(z) = r 2 (cos2# + /sin p6) = u + iv 

u = r 2 cos 26 v = r 2 sin p0 


_ 


— = 2rcos2# 
õr 

ÕU 0 2 • o/j 

— = -2r sin 26 
Õ6 


ôv 

— = 2r sin pd 
õr 

õv 2 

— = r p cos p0 
Õ6 


io me vaiuu 1 


* 


„ . õu 1 õv õv 1 õu 

The C-R equations are — =-; — =- 

õr r Õ6 õr r Õ0 


1 


2rcos26 = -r pcos26 
r 

i.e 2 cos 26 = p cos 26 
P = 2- 


15. Find the point at which the function 


f(z) = 


z 

(z. 2 — 1 ) 


is not analytic. 


Solution: /(z) = —^— 

(z 2 -l) 


/'(z) 


(z 2 -l).l-z.2z 
(z 2 -\f 


~(Z 2 +1) 

(r-i) 2 
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f(z) is not analytic where f\z) does not exist 

f \z) —> oo if (z 2 -l) 2 =0 

i.e., if z = +l 

f(z) is not analytic at the points z = ± 1 

16. Find the point at which the function /(z) = z 3 -4z-l is not analytic 
Solution: /(z) = z 3 -4z-l 

/ (z) = 3z 2 -4, that exist everywhere. 
f(z) is analytic everywhere 


17. State any two properties of analytic functions. 


1. The real and imaginary part of an analytic function w = u + iv satisfy the Laplace equation 

d -Í + d -Í= o. 

ôx~ õy 

2. If w = u + iv is an analytic function, the family of curves u(x,y) ^(constant), and the fan 


2. If w = u+iv is an analytic function, the family of cur es 
of curves the v(x, y) = c 2 (constant) cuts orthogonally. 


.mily of cur es u{ x 
íogonally. 


= q (constant), and the family 


18. Show that an analytic function with consta s t real part is constant. 
Solution: Let f(z) = u(x,y) + iv(x,y) be analytic 


u(x, y) = com tan t — c 


•: wis analytic. 

u. = 0 \u. =0 


u x = v y =0 ; u y = - 

u is a constant. 




0 


x,y) be 


19. Show that f(z) = sinz is an analytic function. 

Solution: /(z) = sin z 

u + iv = sin(x + iy) 


= sin xcos(ry) + cos xsin(?v) 
= sinxcoshy + /cosx sinh y 
Equating real and imaginary parts , 
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u - sin x cosh y ;v = cos x sinh y 

u x = cosxcosh y ;v v = -sinxsinh y 
u y = sin xsinh y ; v x = cos xcosh y 

u —V &v = u 

x y v x y 

The CR equations are satisfied, Hence f(z) = sinz is analytic func 

20. Define Harmonic function. 


A real function of two real variables which possesses continuous second order partial 


derivatives and that satisfies Laplace equation 


õx õy 


is called a harmonic function. 


If u + iv is an analytic function, then u and i/are harmonic. 


21. Prove that u(x, y) = e x sin y is harmonic 

Solution: u x = e x sin y u y = e x cos y 

u xx = e x sin y ; u yy = -e x sin y 
u +u =0 

xx yy 

u is harmonic. 

22. Show that the function x 4 -6x 2 y 2 + y 4 nic. 

Solution: Let u = x 4 -6x 2 y 2 + y 4 


— = 4x 3 -12xy 2 ; ^4 = 12x 2 -12y 

õx õx 

— = -12x 2 y + 4y 3 ; ^-= -12x 2 +12y 2 

õy õy 



õ u õ u 

-T +-X = 0 

õx" õy~ 


u satisfies the Laplace’s equation. 
.'. u is harmonic. 


23. Define Conjugate harmonic functions. 

If u and v are harmonic functions such that u+iv is analytic, then each is called the conjugate 
harmonic functions of the other 

24. Find the analytic function whose imaginary part is xy. 

Solution: Let f(z) = u + iv 
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Given v = xy 


, õv õv 

<Pi (x, y) = — = x <p 2 (x, y) = — = y 
õy õx 

ç>i(z,0) = z ç> 2 (z, 0) = 0 

f(z) = | [(p x (z, 0) + Í(p 2 (z, 0 )\lz + c 

2 

= J[z + i(G)\lz + c = J zclz + c = ^- + c. 

25. What is the relation between a and b if ax 1 2 3 +by 2 can be the real part of an analytic 
function. 

Solution: Let u=ax 2 +by 2 

u x = 2 ax; u xx = 2 a 
u y = 2by- Uyy = 2b 

If u is the real part of an analytic function, then it must satisfy Laplace’s equation. 


:.u +u =0 

xx yy 


i.e. 2a + 2b — 0 (or)a+b = 0. 


1. Define conformai mapping. 


sty Laplace s 

UNIT-II 

rv 


A transformation that preserves ar qles between every pair of curves through a point both in 
magnitude and sense is said to be conformai at that point. 

2. State the direction for ha mapping w = /(z) to be conformai. 

(i) f(z) must be analytic. 

(ii) f'(z) ^ 0 at the concerned point. 


Combining (i) and (ii), the mapping performed by an analytic function f(z) is conformai at all 
points of the z-plane where f'(z) * 0. 

3. Define Isogonal Transformation. 

A transformation under which angles between every pair of curves through a point are 
preserved in magnitude but altered in sense is said to be isogonal at that point. 
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4. Define a Criticai point of a transformation. 


The point at which the mapping w=f(z) is not conformai (i.e) — = 0 is called a criticai point of 

dz 


the mapping. 


5. Determine the criticai points of the transformation w •= z + 


1 

w = z + - 
z 

dw_ 1 

dz z 2 


1 


dw 


For criticai point — = 0 

dz 

1 1 , 

.'.1-^- = 0=>—r = l=>Z 2 =l 


z = ±1 are the criticai points. 

6. Determine the criticai points of the transformation w 
Solution: w = z 4 -1 


dw 3 
— = 4 z 3 
dz 


dw 


For criticai point — = 0 

dz 


.'.4z 3 = 0=>z = 0 

So the criticai point is z = 


i íu 


cF 


5 ? 


vO 

cr 


h 


7. Determine the criticai points of the transformation w 2 = (z-a)(z-P) 


w 


= (z-a)(z-J3) 


Solution 

w 2 =z z -za-zj3 + aj3 


2w- = 2z-a-j3 
dz 

For criticai point — = 0 

dz 


2 w— = 2z.-a- P = {) 
dz 
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2z — oc—P = 0 


2z - a + P 
a + J3 


8. Find the criticai point of the transformation w = z 
Solution: w = z 2 


dw 

— = 2z 
dz 


— - 0=> 2z =0 
dz 


■z = 0 z = 0 is the criticai point 


9. Find the criticai point of the transformation w - 


Solution: 


1 

w = — 
z 


dw -1 „ 

— = ^-—^-ooasz—>0 
dz z 1 




cr 


h 


. w = }_ is not analytic at z=0 and hence the mapping w = - is not conformai at z=0 


(i.e) z=0 is the criticai point of ihe transformation. 


10. Find the image of \z\ = a under the transformation w=z+3+2i 
Solution : 

The equation of the given circle |z| = a in the Cartesian form is 

2.2 2 /i\ 

x +_y —ci -(1) 

w = z + 3 + 2 í 
u + iv = x + iy + 3 + 2i 
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u = x + 3,v = y + 2 

=^> x = íí - 3, y = v — 2 -(2) 

Substitute (2) in(1) 

(u-3) 2 +(v-2) 2 = a 2 This is the required image 


11. Find the image of the circle |z| = 2 under the transformation w=3z 
Solution : 


The equation of the circle |z| = 2 in Cartesian form is * 2 + v 2 = 4 

w = 3z 

u + iv- 3(x + iy) 

u = 3x -(2) 

v = 3y -(3) 


-( 1 ) 


Substitute x and y value in (1) 

= 4 

u 1 + v 2 = 36 

12. Define bilinear transformation 



2 


u 


V 


+ 


v 3 J 


13 J 


oiui mauui i. 

az + b 

_ rx 


& 


& 


cr 


<ò 


u 

— when a,b,c,d are complex constant such that ad-bc* 0 is 


The transformation w = 

cz + 

called the bilinear transformat m or Mobius or linear fractional transformation 

13. Define a fixed point or an invariant point of the transformation. 

If the image of a point z under a transformation w = f(z) is itself, then the point is called a fixed 
point or an invariant point of the transformation 

14. Define cross-ratio property of a bilinear transformation 

The cross-ratio of four points is invariant under a bilinear transformation. 

(i.e) ú),ú) v ú) 2 ,ú) 3 are the images of z,z 1 ,z 2 ,z 3 respectively under a bilinear transformation, then 

(co - a, )(a 2 - (d 3 ) _ (z - Zj )(z 2 - z 3 ) 


(ú) t -(o 2 ){co 3 -oj) ( Zl -z 2 )(z 3 -z) 
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15. Find the fixed points of the transformation w = 


1 


Solution: 


Given co = 


The fixed points of the transformation are such that the image of z is z itself. 

Put w= z in w = — 

z 

1 

z = — => z = 1 => z = ±1 

z 

The fixed points are z=± 1 ■ 


16. Find the invariant or fixed point of the transformation w = 


Solution: Put w=z in w = 


z-2i 


1 


z-2i 
z 2 -2zi-1 = 0 


z(z - 2 i) = 1 


z = 


_ NÇV 

2i±yJ4i 2 4(1)(—1) 2/±^/=4T4_. 

> 


5 ? 


cr 


i 

z-2i 


The invariant point is z = I 




\\ 


17. Find the invariant or fixed point of the transformation w = 


6z-9 


Solution: Putw=zinw = 


6z-9 


6z-9 

z =- 

z 

z 2 =6z-9 

z 2 -6z + 9 = 0 
z = 3 

The invariant or fixed point of the transformation w is z=3 

18. State Taylor’s series 


lf f(z) is analytic inside a circleC 0 with a centre at ‘a 'and radius r 0 , then at each point 
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insideC, 


f( x x , /'(a), x , f\a) 2 , 3 

/(z) = /(a) + ^j—(z-fl) + —(z-fl) + (z-a) +■ 


19. State Laurenfs series. 

If Qand C 2 are two concentric circles with centre at ‘a’ and radii r t andr, (r, > r 2 ) and if 
f(z)is analytic on C, and C 2 and throughout the annular region R between them, then at each 
point z in R, 


f(z) = Y j a n (z- a) n +Y J b Jz-a)~ n 


n =0 


n =1 


1 


where a„ = - 


/(w) 


n+1 


í/w, n = 0,1,2 


2m J (w-a) 


20. Write the Laurenfs Expansion of 


Soln: Given, z > l,r-r<l 


. K= — 


f{w) 


z(z- 1) 


2m ^ (w-a) 


, valid in |z|>1. 


-n +1 


í/w, n = 1,2,. 



21. Find the co-efficient of 


z-1 


in the Laurenfs expansion of 


1 


z(z-l) 


valid in |z-1|<1. 


Solution: 

Put z-1 =u, |u|<1 
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1 =4(1+«r‘ 


w 2 (l + w) w 2 


— —r-(l— u~\~u +...) 
u~ 

1 1 1 

— —-- hl — U ~h ... 


u u 

1 


(z-1) 2 z -1 

1 


+1 + (z — 1) 


co - efficient of - is - 1 

z-1 

22. Expand /(z) = cos z as a Taylor’s series about z=0. 
Solution: /(z) =cosz,a = 0 

/ '(z) = - sin z, / "(z) = - cos z, / "'(z) = sin z,.. . 

Putting z=0 in all these values , /(O) = cosO = 1 
/ '(0) = 0,/ "(0) = —1,/"'(0) = 0,... 


Taylor’s series is 


cosz = l + 0(z-0) + (-l) (Z Q) +- 


cosz = 1 + —+ — + ... 
2! 4! 


23. Expand the function /(z) = 



in Laurent series about z = 1. 


Solution: Consider, /(z) = 


To expand /(z)as Laurent series aboutz = l, it is enough if we expand /(z)in powers of z 


'KJ 


Put Z-l-U^> Z-U + \ 


u +1 


1 M 

^ .e 


(z-1) 

e 

ir 


(z-1) 2 u (z-1) 2 


, u u~ u 
1 + —+ — + — + ... 
1! 2! 3! 


= e 


1 1 1 
— r H- 1 - 

u~ u 2! 


24. Define Isolated singularity 

The point z=a is called an isolated singularity of f(z), if there is no other singularity in its 
neighbourhood. 

Eg. Z=1 is an isolated singulatity of /( z ) = 
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25. Define Removable singularity 

lf a single-valued function f(z) is not defined at z=a, but \ ™/(z) exists, then z=a is called a 


removable singularity 


Eg. Z=0 is a removable singularity of f(z ) = 


smz 


26. Define Essential singularity with an example 

lf z=a is an isolated singularity of f(z) such that principal part of the laurenfs expansion of f(z) 
at z=a ,valid inO<|z-a|<rj , has an infinite number of terms then z=a is called an essential 

singularity. 


Eg. Z=1 is an essential singularity of f(z) = e 


3z-1) 


UNIT -III 
COMPLEX INTEGRATIOM 


fò 




1. Define simply and multiply connected region. 

A region is called simply connected if every closed curve in th it region encloses points of the 
region only. 


_ 



Eg: A region bounded by a circle or a square is simoly connected region. 

A region which is not simply connected is called multiply connected region. 

r> 

Eg; Region between two concentric circles. 

2. State Cauchy’s Integr. ‘Sieorem or Cauchy’s Fundamental theorem. 

lf /(z) is analytic and its derivative f'(z) is continuous at all points on and inside a simple closed 
curve C, then f 


J/(z)rfe = 0 


3. State Cauchy’s Extended Integral theorem. 

lf f(z) is analytic on and inside a multiply connected region whose outer boundary is C and inner 
boundaries are Ci,c 2 .c n , then J f(z)dz = J/(z)rfe + J f(z)dz + --- + \ f(z)dz 

C Cj c 2 C n 


Where all the integrais are taken in the same sense. 

4. State Cauchy’s Integral formula. 

lf f(z) is analytic inside and on a simple closed curve C and Z 0 is any point in C, then 
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where C is described in the positive sense. 

5. State Cauchy’s Integral formula for n th derivative of an analytic function. 

If f(z) is analytic inside and on a simple closed curve C, and ‘z 0 ' is any point in it, then 



f\z o) = — 


2m J r (z-z 0 ) 


f n (z 0 ) = — 


n\ r f(z) 


2 m J c (z-z o y 


6. Evaluate j(z-2)"dz ,n ^1 where C is the circle whose centre is 2 and radius 4. 


Solution: 

(z - 2) n is analytic inside and on C. 

By Cauchy’s Integral theorem, J(z - 2 )"dz = 0 


Evaluate J 




e» 


9o 


z 

- -— dz where C is the circle |z| 11. 

(z - 2)- 


Solution: 


f T \ Z) 

By Cauchy’s Integral formula for derivativ ís, - il - 

MF-a) 


Comparing the L.H.S. of (1) with the given integral, we get f (z) = z,and z 0 =2 

IsSÒ 

[Since z 0 = 2, lies outside the circle |z|=1, f(2)=0] 

Consider 

z-2 = 0 


J ( - _ n Y +l 


Consider 


It lies outside 


••• jf(z)dz = 0 

c 

J f^d z = J dz =2mf(2)=0 
c z~z o |-| =1 z — 2 

f & z 

8. Evaluate - dz, where C is the circle |z|=2. 

íz + 1 
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Solution: 


r / \ 

Cauchy’s integral formula is í -——dz = 2 mf(z 0 ) 

J <7 — -7 


.Z-Zo 

Here f(z) = e~ z ,z~z 0 = z + l=>z 0 =-l 

Clearly z 0 =-l lies within the circle |z|=2. 

f ——dz = 2ot/(-1) = 2me~ ( ~ l) = 2m 
J c z + 1 

3 

9. Evaluate í 

Í(z-2Y 

Solution: 

/(z) = z 3 -z 

f \z) = 3z 2 -1 => / "(z) = 6z 

By Cauchy’s Integral formula for derivatives, we have 

ZlLl-ãí) iz 


-dz where C is the circle |z|=3. 


f”(a) = — f- 

2ni (z.-a) 


C 

————rdz = —/"(2) = — 6(2) = 12tt/ 
l (z-2) 3 2! 2 

10. Define Pole 


4 


cv 




lf z = a is an isolated singularity of (z) such that the principal part of the Laurenfs expansion of f 
(z) at z=a valid in 0< \z~a\ < rjhas only a finite number of terms then z=a is called a pole 

11. State the formula for finding the rt idue 'f a function at a simple pole 

/*\ 

lf z=a is a simple pole of f(z) then 

[Rc.v/ (z)] „ lim jfz- (i)fíz)} 




12. State the formula for finding the residue of a function at a multiple pole 

lf z = a is a pole of order’m’ of f(z) then 


[Re sf (z)] = 


7—-—rlim 
[m - lj! z ^ a 


d' 


dz 


Zf{( z-a) m f(z )} 


13. Find the poles of-r-- 

(z-5) 3 (z-4) 2 

Solution: 

Here z = 5 is a pole of order 3 and z = 4 is a pole of order 2. 
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14. Obtain the poles of /(z) = 


2 2 
Z + 7T 


Solution: 


f(z) = - 

(z + fti) + {z-m) 

z = -ni and z = ni are poles of order 1. 


15. Find the residue of -at z=2. 

z -2 

Solution: 


z -2 


has a simple pole at z=2. 


f -Z \ 


Rei 


^7atz=2 


z'ilim(z-2)-= lim<r =e 2 

Z~>2 £ — ^ z—> 2 


sinz 


16. Find the Residue of f(z) = -— at z - 

zcosz 

Solution: 


[Res/(z)] * =lim 


\~2j 


sinz 


2 Z V‘ ZCOS 


.. sinz 
lim-x lim 


osz 

J'S 






9o 


-COS z 


1 


= — x lim 
K 

I 


7T n 

z->- 


f 1 A 


V-sinz; 


(fíy L Hospitais Ride) 


n -1 n 

17. Find the Residue of ——^—- at z=i 

(z 2 + l) 2 

Solution: 

1 1 1 


(z +1) [(z + i)(z — /)] ( z + z ) (z-i) 

Therefore z=i is a double pole. 
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Re ^ 


1 

(z 2 + 1) 2 


-Hm—(z-0 2 x 2 

1 !dz (z + i) (z-i) 



dz 


1 

(z + 0 2 


= lim-- 

(z + i) 


-2 _ -2 _ 2 
ÇÜy~8?~8~i 


Rei 


1 


(r+i ) 2 


-i 

~4 


18. Define Singular point. 

A point z = a at which a function f (z) fails to be analytic is called a Singular point. 
E.g.: Consider f (z) 1 


z-3 

Here z=3 is a singular point of f (z). 


rfO 


19. State Cauchy’s residue theorem. 

If f(z) is analytic within and on the closed curve C except at a finita r jmber of singular points 
within C, then j"/(z)rfe = 1m{r x + r 2 + ... + r n ) 

c 

where r 1 ,r,r,...r are the residues of the function f(z )a the singular points. 


20. Evaluate J log z dz where c is the unit circle kl = 1 


Solution: 


2 n 

J log z dz = J (iO) ie w d 9 


■J de i0 dd 


e 


xs 


í JO , , A-s i 

— -1 ^ 


¥ 


0 


umi uuuie |z 

cr 


i 


i 


í Jlx \ 


2 n 

r 

2 n 

v i ) 

2n 


+ é 


í2tt 


V 1 J 


>+*”} 


, iln 0 

+ e >-e 


v 1 J 


+ 1-1 


| log zdz = —— = 2 ni 
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21. Define Contour in integration 


The process of evaluation of definite integrais over suitable contours by applying Cauchy’s 
residue theorem is known as contour integration 

22. Define Cauchy’s lemma 

Cauchy’s Lemma: 

lf f(z) is a continuous function such that |z/(z)| -xOuniformly as |z| ^°oon S, then 
\f(z)dz —» 0 ,as R-> oo ,where S is the semicircle \z\ = R above the real axis 


23. Define Jordan’s Lemma: 

lf f(z) is a continuous function such that |/(z)| -xOuniformly as |z| ->ooon S, then 

J e" nz f(z)dz -» 0 as /? -» qo ,where S is the semicircle |z| = R above the real axis and m>0. 

s 

2 n 

24. Explain how to convert j/(sin#,cos60<í#into a contour intei *■*>’, v/iere f is a rational 

0 

function. 

2 71 

To evaluate the Integrais of the form j f(sxn6xos6)d6 


we take the unit circle z = 1 as the contour 


When z = 1 , z = é and so sin 6 = 



cr 


dz i i 

dd = — when Avaries from o to 2n , the point z moves once around the unit circle z = 1 

iz ___ %. 1 

Thus ^ f (sin6,cos 6)d6 = ^ f(z)dz 


Where f (z) is a rational function of z and C is |z| = 1 

Now applying Cauchy’s residue theorem, we can evaluate the integral on the R.H.S. 

UNIT-IV 


FOURIER SERIES 


1. Explain Continuous and Discontinuous function. 

A function f(x) is said to be continuous at x= a if given£->0, however small, we can find a 
number ó>0 such that |f(x)-f (a)|< s when |x-a|< 5 and is denoted by lim f(x) = f(a) 


(i.e) lt /( x) exists if lim f(x) and lim /( x) exists and are equal. 

x—>a x^a —0 x^a+O 

f(x) is said to be continuous in an interval (a, b) if it is continuous at every point of the interval. 

A function f(x) is said to be discontinuous at a point if it is not continuous at that point. 
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2. Define piecewise continuous function. 

Afunction f(x) is said to be piecewise continuous in an interval if 

(i) The interval can be divided into a finite number of subintervals in each of which f(x) 
is continuous and 

(ii) The limits of f(x) as xapproaches the end points of each subinterval are finite. 

3. State Dirichlefs condition for a function to be expanded as a power series. 

A function f(x) which satisfies the following condition can be expanded as a Fourier series in 

(-i.i) 


(i) f(x) is defined and single valued except possibly at a finite number of points in (-1,1) 

(ii) f(x ) is periodic with period 2/ 

(iii) f(x) and f (x) are piecewise continuous in (-1,1) 

4. Define Fourier series. 


9o 


If f(x) is a periodic function and satisfies Dirichlefs condition, then it can be represented by an 

a 7- 

infinite series is called Fourier series, f(x) = — + '^ i (a n cosnx + b ri sinwc), wherea 0 , a n and b n 

2 1 $ 

are called Fourier coefficients. 

5. Write the formula for Fourier coefficients fo. f(x) in the interval (-n,n) 


1 n 

«n =— í f(x)d; 

71 J 

-n 

1 U 

n =— | / (x) cos nxdx 


«„ = — 
n 


1 

b n =— [ / (.v)sin nxdx 

n J 


xdx 

xdx 


0 


icienis Tor 

Cr 


6. Find the constant a B of the Fourier series for function f(x) = xsin x in 0 < x < 2 n. 
Solution: 

-j^ 2 n 

«0 = — I / (x)dx 
71 0 


In 

— xsin xdx 

71 * 

0 


l 

n 


x(-cos x) - 1(- sin x)] 


1 

n 


[-2^] 


o 0 


-2 
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7. Find the constant a o of the Fourier series for function f(x) = e x in (-71,71). 
Solution: 


a n = — í f (x)dx = — í e x dx = — \e x ~\ = — e K -e n ~\ 
n J n J 7 r L n L J 


a 0 = — sinh n 
n 


8. Find Fourier constant a 0 of the Fourier series for function /(x) = 


x, 0 < x < 1 
l-x,l<x<2| 


Solution 

2 1 

a 0 = - í nxutt 


= -]f(x)d.x 
1 0 

, 2 1 2 

= -1 / {x)dx = J / (x)dx +1 / ( A' yi.x 

l a n 1 


[v 2/ = 2=>Z=l] 


1 z, 

= | xdx +1 (l - x)dx = 


x 

~2 


+ 


2 ( l) 


1 

= - + 
2 


-1 




<ò 


h 


a Q =0 

9. Explain even and odd functions 

A function / (x) is said to be even if / (-x) = / (x) 

Eg. x 2 ,cosx,sin 2 x,|x|,xsinx 

A function /(x) is said to be odd if /(-x) = -/(x) 

Eg. x,x 3 ,sinx,tan 3 x 

10. Verify whether t ie given function is an even function or odd function. 

T<0 


' v-v -J \*) 

(7 

dif f(-x) = 


f(x) = 


1 + — ,-7T <X<0 

n 

1 2x n 

1 -, 0 <x<n 

n 


Solution: 


f(~x) = 1 


1 -^. 

n 

2 x 

1 + — , 
n 


-Ã<-x <0 
0<-x< n 
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i 2x n 

1-, n > x> 0 

n 

i 2x n 

1 h-, 0 > x>-n 

n 


i 2 * n 

1-, 0 < X < ;r 

n 

i 2x n 

lH-, —7C < X< 0 

n 

/(-*) = /(*) 

f(x) is an even function. 

11. Find the Fourier constants b n for xsinx in (~n,n) 

Solution: 

/(x) = xsinx 
f(x) is an even function 
••• b„=0 
1 n 

b = — \ f(x) sin nxdx 

TC J 

-n 

j 71 

= — x sin x sin nxdx 

n J 

-71 

b n = 0 [v xsin xsin nx is an odd function] 

12. Write a o> a n in the expansion x + x 3 as a Fourier series in {-7t,7t) 



Solution: 


/ (x) - x + x 3 j S an odd function. 





a Q = 0 and a n = 0 

13. Find the half range sine series for (x-l) 2 jn (0,1). 
Solution: 

The sine series of / (*) in (0,1) is given by 

oo 

f(x) = TA sin nnx 

n =1 

2 'r 


where b n = — J / (*) sin nnxdx 


2 r 


= — J (x -1) 2 sin nnxdx 

1 r\ 
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= 2 


= 2 


(x-i ) 2 


^-COS UTTX^ 


\ nn ) 


0-0 + 


2(-l)”l í-1 


3 3 

n n 


- 2 (^- 1 ) 

V 

2 A 


- sin nnx 


2 2 

V n n J 


+ 2 


COS H7TX 

3 3 

V nn j 


J0 


+ - 


V nn n V 3 j 


= 2 


.v J 

14. Write the Fourier sine series of k in (0,#) 

Solution: 

00 

/(*) = Yj b n Sin ' 


3 3 

n 7t 


((-l)”+l)+- 

' > nn 


i nx 


»=i 


where K = — J / (*) sin tvcdx 


2 k 


b = — 
nn L 


= — í k sin nxdx = 


1 -(-!)" 


2 k 
n 


cos nx 


b = 


0, where n is even 

4 k 

—, where n is odd 
nn 


4 k 


f( x )= Z — sin 


nx 


«= 1 . 3.5 


nn 




fò 


15. Find the Fourier sine series for f{x) = e x in (0 < x < n) 
Solution: 


The Fourier sine series is given by 


b„= — [f(x) sin nxdx 
n ní J K ^ \ 


n 

2 

n 

2 _ 

n 



ui 

b sin nx where 


= — J e x sin nx dx = — -- ^1 ( sin nx) - n(c os nx) 


1 + n 2 


(0 - n cos nn) - 


1 + n 


- (0 - n cos 0) 


b„ = 


n 


-Z T [(e' r /i(-l)") + nl 
1 + /r L J 

2n ■[> (-!)"+! 


(l + n 2 )l 
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UNIT-V 


1. Define Root mean square value of a function y = /(x) in ( a? &) 

The root mean square value of / (x)over the interval (a, b) is defined as 


R.M.S =y 

f[ f{ x )fdx 

a 

b-a 

(»•>?= 

1 1 f y-dx 
b-a J 

a 


2. Find the R.M.S value of / (x) = x in - n < x < n 
Solution: 

The root mean square value of the function y = /(x) in is defined as 

xO 



3. Find the R.M.S va. e of /(x) = xin (0,/) 

The root mean square value of the function y = f(x) in (0, /) is defined as 


y = 


J y 2 dx 


i 

J x 1 clx 


^x 3V 


V-7o _ f /3 _ / 
3/ V3 


/ 


4. State Parseval’s theorem in Fourier series 
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If y = f(x) can be expanded as Fourier series of the form 


a 0 + ^ 
2 „=i 


a„ cos 


nnx 

~r: 


Z b sin 

n 1 


^ flTDC ^ 


in(c,c + 21) 


V I J 


then the root mean square value y of y=f(x) is given by 


c+21 


y = a ^— + — V (a 7 + b 2 )where y = — í y 2 dx 
4 2tí l ’ 21 l 

5. Write Parseval’s identity for f(x) in (0,2;r) 

a ™ 00 

If f(x) = — + a n cos nx + 'J'b n sin nx in(0,2n) then 

2 n =1 n =1 

In 


- j(/(*)) 2 rfr = y + Z ( a « 2 + b n ) 


0 ^ n=l 

6. Write Parsevars identity for half range cosine series of f(x) in (C 


If the half range cosine series of f(x) is /(x) = -^- + X a « cosnx in(0ffi) then 


;x) in (0,/r). 


n z 00 

} (/ (x)) 2 dx = + ^a„ 2 

0 ^ «=1 


a. la Lnyyj, 


7. Write Parseval’s identity for half range sine í eries of f(x) in (0,;r), 

x v 

oo 

If the half range sine series of f(x) is /(x) = ^b n sin nx then 


« oo 

| (f(x)fdx = YjK 



n =1 


8. If for 0<x</, the f unction f(x) has the expansion / (x) = £ n sin Show that 


n =1 


J[/(*)] dx = ^[ b l 2 +b 2 2 +■■■] 


Solution: /(x) = ^ b n sin 


nnx 

~T 




n =1 

b„ = 2 -\nx)s^dx 


I 

, , _ cl , . . «7TX , 

y = 2 J o /w sm T à 

Multiplying both sides of (1) by /(x) and integrating from 0 to I, we get 


..(2) 
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f [/(*)] dx = Y J b n | o /(x)sin^-Jx ...(3) 

n= 1 L ' 

Substituting (2) in (3), we get 

/„[/<*>] 

« = 1 " " « = 1 

j () [/(*)] dx = 2 [^l" + ^ 2 ~ + ^3 +'"] 

9. Obtain the sine series for unity in (0,;r). 

Solution: Here f(x) = 1 

oo 

f(x) = Y J K sin nx, 



The complex form of Fourier series of f(x) in (0,2/) is 

innx/ ] ~l -innx/ 

/(*) = ^ whereC n = — j/(x)e ^ dx 

«=-00 ^ Q 
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12. Write down the complex form of Fourier series of f(x) in (0,2;r) 

The complex form of Fourier series of f(x) in (0,2;r) is 

co -i 2;r 

/(*)= Yj C " e '"' whereC n = —\f(x)e~ mx dx 

«=-oo o 

13. Define Harmonic Analysis in Fourier series 

The process of finding the Fourier series for a function given by Numerical values is known 
as Flarmonic Analysis 

The term ( a 1 cosx+b l sirix) is called fundamental or first harmonic, the term 
(a 2 cos2x+b 2 sm2x) is called second harmonic and so on. 

14. Write the first and second harmonic of a function f(x) defined in (0,2 x) . 

If the function f(x) is defined in the interval (0,2;r) then its Fourier series up to second 
harmonic is f(x ) = — + a l cos x + a 2 cos2x+ b x sin x + b 2 sin2x 
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QUESTION BANK 


UNIT-I COMPLEX VARIABLE 

ANALYTIC FUNCTIONS 

1. Derive the necessary condition for f(z) =u+ iv to be analytic in Cartesian co ordinates. 

(Nov 2006, May 2008) 

2. Derive the necessary conditions under which f(z) is analytic. (Nov 2002, 2008, May 2008) 

3. Derive the Cauchy-Riemann equations in Cartesian form. (May 2009) 

4. Derive C-R equation in polar coordinates. (Nov 2000,2001) 

5. Define an analytic function. Derive the necessary conditions for f(z) = p(r,0) + iq(r,0) 

to be analytic. (Nov 2007) 

6. Prove that w= z" is analytic for all positive integral values of i and find its derivative. 

(Nov 2005, Apr2005) 

7. Show that an analytic function with constant modulus is constant and an analytic function 


with constant real part is also constant. (Nov 2008) 

8. Prove that every analytic function can be expressed as a function of zalone. 

(Nov 2000, 2001) 

9. Define harmonic functions and also shov that the real and imaginary parts of an analytic 

functions are harmonic^^^^^J (Nov 2011) 

10. If f(z) = u + iv is regular function, Prove that w = c p v = c 2 are orthogonal. (May 2011) 

11. If(x-y) 2 + 2i(x + y) , then show that the C.R. equations are satisfied along the curve 

x— y = 1 (May 2011) 

1 ( 

12. Show that w = -log(x 2 + y 2 ) + itan _1 — is analytic everywhere except at the origin. 

2 ' VxJ 

(May 2010) 


13. Prove that f{z) = z 2 is analytic and hence find its derivative. 


(Nov 2012) 
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MILNE THOMSON’S METHOD 

1. Determine an analytic function f(z) = u + iv , given that 
(i) V=e 2r (ycos2y+xsin2y). 


2sinxsinh y , . 

(ii) V=--— (Fmd u) 


cos 2x + cosh2y 


......... cos x + sin x - c . ..7t. . 

(iii) U-V =- —and f( — )=0 

2cosx-c v - e y 2 


(iv) V= e 2y (ycos 2x+xsin2x) 


(v) u + v 


sin 2x 


cosh 2y-cos 2x 
sin 2x 


(vi) Real part = 

cosh 2 y + cos 2x 

(vii) u= log(x 2 + y 2 ) 

(viii) 2u + 3v =e' (cosy-siny). 

(ix) 2u + 3v= 


sin 2x 


cosh 2 y - cos 2x 

(x) Imaginary part = y + e ' cosy 


-'O 


(xi) V= e f (xcosy-ysiny) is harmonic. 

2004) 

(xii) Find the harmonic conjucate of u = e" x (xsiny-ycosy) 
(xiii) u = e x (xcosy -ysiny). 

(xiv) u — v = 6* (cos y — sin y) 

2010 ) 

X 

2. Prove that u=—— 


(Nov 2000,2001) 
(Nov 2002) 

(May 2002, Nov 2005) 

(May 2002) 
(Apr 2003) 




■ 


(Nov 2005, 2011) 


(Apr 2007) 
(Apr 2007) 

(Nov 2007) 

(May 2008) 
(Nov 

(Apr 2009) 
(Nov 2008,2012) 


(Nov 


—- is harmonic also find vsuch that f(z) = u + iv is analytic. (Nov 2006) 

x" + y 

3. Prove that u = 3xy-y is harmonic also find v such that f(z ) = u + iv is analytic. (Apr 2003) 

4. Find the constant a so that u = ax -y + xy is harmonic. Find an analytic function f(z) for which 

u is the real part. 

(Nov 2008) 


5. Show that u{x,y) = e A [(x 2 - y 2 )cos y+ 2xysin y] is harmonic and find the corresponding 


150 



analytic function f(z) = u + iv 


(Nov 2003) 


' 2 2 \ 2 

6. If f(z) is analytic, prove that — ;r + —y |/(z)| 2 = 4|/’(z)| . 

õx õy J 11 


(Nov 2003, 2005, 2010, 2011) 


7. Show that u(x, y) = 3x z y + 2x 2 - y 3 - 2y 2 is harmonic function and find an analytic function 


/(z) such that f(z) = u + iv. 


(Nov 2011) 


8. Prove that the function u = e x (xcosy-ysiny) satisfies harmonic equation. Find the 


harmonic conjugate function vsuch that f(z) = u + iv. 


(May 2011,2012) 


9. Show that // = -log(x 2 + y 2 ) is Harmonic and determine its conjugate. Also find /(z). 


UNIT-II 


CONFORMAL MAPPINGS 


1. Discuss the following transformation 


(i ) (o = -. 

z 

(ii) co = z 2 

(iii) (o = sin z . 


K (? 




& 


cr 


9o 


(Nov 2002) 


(Apr 2003, 2009) 


(iv) (o = z + — ,K being real. 

z 


( Nov 2003) 


(Nov 2007) 


2. Find the region of the co plane into which the region of the z plane bounded by the straight 


line x=1 ,y=1 and x + y= 1 is mapped by the transformation co = z 2 


(Nov 2005) 


3. Find the images of lines parallel to x-axis under the transformation <s>=sin z. (May 2008) 

4. Find the image of the line y- x + 1 =0 under the mapping co = - . (Nov 2000,2001,2002) 

z 


5. Find the image of |z+2i|=2 under the mapping co = - . 

z 


(Nov 2005) 


6. Find the image of the circle z-1 =1 under the mapping co = - . (Nov 2004, May 2011) 

z 
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7. Show that the map<y = - maps totality of circles and lines as circles or lines. (Nov 2011) 

z 


8. Find the image of |z-2i|=2 under the mapping co = - 

z 


(May 2012) 


(Nov 2002, 2006) 
(May 2002, 2003) 
(Nov 2003, May 2010) 
(Nov 2005) 

(Apr 2007) 


BILINEAR TRANSFORMATION 

1. Find the bilinear transformation which maps the points 

(i) z=1, i, -1 into the points co = 2, i, -2 

(ii) z = 0, 1, 00 into the points co = i, 1, -i. 

(iii) z = 0, -i, -1 into the points co = i, 1,0 

(iv) z= °°, i, 0 in z-plane onto co = 0, -i 00 

(v) z = 0, 1 , 00 into the points co = i, -1, -i 

(vi) z, = 2, z 2 = i, and z 3 = -2 onto the points co , =1, co 2 = i,co 3 = -1. Alsc find the invariant 

points of the transformation. (N )v 2005, 2007) 

(vii) (0, 1, a ) into (i, -1, -i) (Apr 2007) 

(viii) 1, -i, 0 of the z-plane onto 0, 2, -i of the co plane . (May 2008) 

(ix) ) z= 1, i, -1 into the points co = i, 0, -i. Flence f ind the image of |z| = 1 Also find the 

invariant points of this transformation. (May 2009, Nov 2011) 

(x) ) z= 0,-i,-1 into the points co=0,\,°° (Nov 2008) 

(xi) z = 0, 1 , 00 into the points co = -5, -1,3. Find the invariant points also. (May 2012) 

(xii) z = -1,0, 1 into the point.; ah*= -1, -i, 1. (May 2011) 

(xiii) z = °°, i, 0 in z-plane onto co = 0, i 00 (May 2011) 

2. Prove that w= z-1 / z+1 maps x> 0 on to w< 1 and y > 0 onto v> 0. (Apr 2005) 

3. Show that the transformation w= iz+Vz+\ maps the circle z = 1 in the z- plane into the 

real axis of the w -plane. (Nov 2006) 

4. Show that the transformation w= z-1 / z + i maps the real axis in the z- plane into the unit 
circle in the w- plane. 


(Apr 2007) 
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LAURENTS SERIES 


Find the Laurenfs series expansion for the following functions in the given region. 

(Nov 2000, 2006) 


1. f(z) = - - 4 in 1 <|z|<4. 


2 .f(z) = 


(z + l)(z + 4) 
lz-2 

z(z-2)(z + l) 


in 1< z + 1 <3 . 


(Nov 2002, 2007, 2008, May 2012) 


z — 6z — 1 

3- f(z) =---about z=3 and indicate the region of convergence in each case. 


(z-l)(z-3)(z + 2) 


(May 


2002 ) 


4- f(z) = 


5- f(z) = 


1 


z -3z + 2 


in (i) z <1 (ii) z >2 and (iii) 1< z <2 


(Apr 2003) 


(z-l)(z + 2) 


z + 6 z~1 ii 

6. f (z) =--——- in 3< z + 2 <5. 

(z-l)(z-3)(z + 2) 1 1 


7 - /(z) = 7 L 1 ^ in N<2,2<|z|<3 and ^?>3. 
(z + 2)(z + 3) 

2010 , 2011 ) 


8 - /(z)= + 1 ~ in 2<|z + 2|<3 


z(z + z — 2) 




í3> 






at its isolated singularities and find residues of f(z). (Apr 2005) 


-in |z + 2 <3 


9 ' /fe)= (z-l)(z-2) 

2010 ) 

l 3 

10. Obtain the expansion of/(z) = —-- in|z + l|<-<3. Is the expansion valid 


(Nov 2005) 

(Nov 2005, 

(Apr 2007) 

(Apr 2007, 


z(i-z) 


outside the region? Explain. 


(Nov 2009) 


11- /W 


—-rin 0< z <1 

z(l-z) 1 1 


(May 2011) 


153 



UNIT-III COMPLEX INTEGRATION 


1. State and prove Cauchy’s integral formula. (Nov 2000, 2003, 2006, Apr 2007) 


CAUCHVS INTEGRAL FORMULA 

Evaluate the following integrais by using Cauchy’s integral formula. 




sin^z 2 + cos;zz 2 


(z-l)(z-2) 


dz where c is z =3 


2. [ —-dz , where c is |z| =2. 

J z~ - z 


(Nov 2002, 2005, May 2012) 


(Apr 2003) 


3 J 

c 

4 J 

c 

5 Í 


7z -1 


dz where c is the ellipse x 2 + 4y 2 = 4 


z-3z-4 
z + 4 

z 1 +2z + 5 
(z- 1) 

(z + l) 2 (z-2) 

3z 2 +7z + l 


dzwherecis z + l-/ = 2 


dz where c is the circle z - i 


6. If /(«) = {- 




e» 


h 


(May 2002) 

(Nov 2003, 2006) 

(Nov 2002, 2011) 


(ii)/'(1-i) (Ni) 


dz ,where c is the circle z =2. Find the value of (i) /(3), 

z-fl 


7. ítanz dz, where c is |z|=2. 

8. J -———- dz w ere c is tl 


O 


(Apr 2005) 


- az w ere 

z(z-l)(z-2) 


dz w ere c is the circle z = ■ 


9.J 


z 1 

- 1 - -dz where c is the circle \z-2\ = - 

(z-l)(z-2) 1 1 2 


10 -í 

c 

1,J 


Z 2 +1 


(z-lXz-2) 


-dz where c is z =3 


z + 1 


z +2z +4 


dz where c is z + l-f = 2 


(Nov 2001, May2010) 

(May 2011) 

(Nov 2011) 

(Nov 


2010 ) 
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(Nov 2012) 



where C is the circle 


z 


]_ 

2 ' 


CAUCHY’S RESIDUE THEOREM 


1. Find the residues of f(z) = z 2 sin 




yzj 


2. Evaluate using Residue theorem J 

c 

2003) 


at z=0. 


dz 


. , ,where c is the circle z-í =2. 

(z +4) 3 1 1 


1 

3. Evaluate J ze z dz where C is the unit circle at the origin. 


2000 ) 


1 +/ 

4. Evaluate J (x - y + ix 2 )dz along the parabola y =x 2 . 




<ò 


5. Evaluate using Residue theorem J 

c 

2010 ) 


z -2 


O 


z(z- 1) 

n r 


dz ,where C is the circle z =2. 


6. Evaluate using Residue theorem 

™ k<2»- 

7. Using residue theorem, evaluate J 
2011 ) 


sin^z" +cos^z" 


<rfe where C is z =3 


z +2z + 4 


-dz where C is a circle |z + l + /| 


8. Expand /(z) = 


z + 3 


(z-l)(z-4) 


as a Taylor’s series about z = 2. 


2011 ) 

9. Evaluate using Residue theorem J 

c 

2012 ) 


sm;rz“ +cos^z" 


(z + lXz + 2) 


-dz where C is z =3. 


10. Find the residue of f(z) = --r- 

(z-1) (z + 2) 


at each of its poles. 


(Nov 2000) 

(Nov 

(Nov 

(Apr 2005) 

(Nov 

(May 

^ (May 

(Nov 

(Nov 

(Apr 2013) 
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CONTOUR INTEGRATION 


Evaluate the following integrais by using contour integration. 



dx 

( x 2 +l ) 2 


(Nov 2002, Apr 2003) 


00 2 J 

„ r x dx 

2 ■ r 

g x +a 


(Apr 2002) 


2 71 

3.(i) J- 


de 


a+b cos 0 


(a >b>0) (ii) J 


■» 2 


x~dx 

4 4 

x +a 


(Nov 2003) 


4 J 


x~dx 


o C* +4)(x +9) 


(Apr 2005, Nov 2011) 


2n 

5 - í< 


de 


5-4sin0 


2 n 

6 - í: 


<70 


2 + cos0 


2 n 

7 - í: 


cos 20 


5 + 4cos0 


<W 


2 tt 

8. J: 


<70 


13 + 5sin0 


2 n 

9 - í 


l + 2cos0 


5 + 4cos0 


de 


2n 

10 - Ji 

A A 


COS0 

-2xcos0 + x 



(Nov 2005,Apr 2013) 


(Nov 2005, May08) 


(Nov 2005,2010) 


(May 2011) 


(Nov 2005, 2009, 2010) 


(Nov 2005) 


11 . 


2 71 

fl 

A 


de 


-2a cos e~\~G 


(Nov 2006) 


12 í 


(x +4) 


rí/x 


(Apr 2007) 


f x 2 + x + 3 , 

13 . — - 5 - dx 

1 x 4 + 5x 2 + 4 


(Nov 2007) 
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H.J 


xsmmx 


2 . 2 
X + CL 


dx 


(Nov 2000) 


, _ . xsinx , 
15. I- -clx 


'S-íf 


+ X 


(Nov 2009) 


16 - í 


sin~ 6 
5 -3cos 6 


d 9 


(Apr 2005) 


17. Showthat j 


dx = 


n 


(x 2 + <r)(x 2 + Zr) a + b 


(May 2010, 2012) 


o° 2 . O 

r x -x + 2 , 

18. — -^- dx 

J x 4 +10x 2 +9 


(Nov 2011) 


19. I 


x sin x 


2 , 2 

x +a 


dx 


h 


(Nov 2012) 


UNITIV FOURIER SERIES 


Find the Fourier series for the following periodic functions of period 2 n . 

111 TC^ 

1. /(x) = x 2 , -n<x<n and deduce + -°° = — ■ (Nov 2006, Apr 2009) 


2. /(x) = jcos x|,-;T < X < 7T. 

3. /(x) = 7Z -2 - X 2 TT <X<K 

4. /(x) = (^ - x ) ,0 < x 

5. /(x) = 





(Apr 2004) 


(Nov 2008) 


(Nov 2003, 2007, May 2008, 2009) 


6- f{x ) = 


í \ 2 
' n - x ' 


V l J 


°° i 

0 < x < 2 n and deduce V — r = — 

^ n 2 6 


(Nov 2002, 2010, May 2010) 


n =1 


1 1 


n 


7. f(x) = x , -K < x < k and hence deduce that — + — + ---oo = — 

11 l 2 3 2 8 


(Apr 2007, 2008, Nov 2010) 
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f 1 , 0<X<7T 11 n 

8. f(x) = < and hence deduce that 1-- +- oo = — 

0 , n < x <2n 35 4 


(Apr 2007) 


9. f(x) = 


n 


X-\ - ,~7T<X< 0 

2 


K 


-X , 0 <X<K 

2 


2006) 

10. f(x ) = Isinxl ,-n <x<n 


(Nov 


(Nov 2001,2005) 


11. f(x) = xsmx,—n<x<n 


(Nov 2005) 


1 1 7T^ 

12. f(x)=x{2n-x), (O, 2n) and hence deduce that - r + ^ T + ---°° = — 


\-n ,-n <x< O 11 

13. f(x) = { and deduce !-- + - + ■ --oo 4— 


x , 0 <x<n 


2004,2012) 


14. /(x) = 


x ,-n<x<0 
[0 , 0 <x<n 

íx-1 ,-^<x<0 , L . — , . 

15 .f(x) = \ \f(x + 2n) = f(x) 

x+1 , 0 <x<n ' ' 



(Nov 2000, May 2002) 


(Apr 2003, Nov 


(Nov 2001) 


(May 2011) 


í x ,-kx<0 111 

16. f(x) = i and hence find the value of 1-- +-+ ••• 

\x+2 , §^%<1 357 


17. f(x) = ^, (0, 1.71) 


2003) 


(Apr 


18. /(x) = e x , (0,2 n) 
2005) 


(Apr 


19. /(x) = n 2 -x 2 ,-n < x < n 


nn s, I 0 ,-^<x<0 , , 1 1 . 2-Acos2nx 

20. f(x) = \ and prove that f(x) = —+ -smx—> —-- 

sin x , 0 < x < ;r n 2 n i An -1 
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2011 ) 

21. f(x) = 1 + x, -n <x<n 


22. f(x) = 


X , 0 <X <7T 

2 n — x , n < x < 2n 


(Nov 2009, 
(May 2011) 
(Nov 2011) 


23. f(x) = xcosx, 0 < x< 2n (May 2013) 

Find the Fourier series for the following periodic functions of period 21 


1. /(*) = 2x-x 2 ,(0, 3) 


(Nov 2000, May 2010) 


17 -x, (0,1) \ \ \ n 

2. f(x) = < and hence prove that 1 — +-+ .... = — and 

1 0, (/, 21) 3 5 7 4 


111 n 2 

f + ¥ + ¥ + "'°°~Y 


(Nov 2002) 

3- f(x) = 


-1 , -2 < x < -1 

x , -1 < x < 1 
1, 1 < x < 2 


4. f(x) = x - 2, (0, 2) and hence dedur' that - 
2005) 




9o 


—+ ...00 = ■ 


32 


1 


\Kx ,0<x<l 00 

5. f(x)-< an i hence deduce that X - o 

[0, / <x<21 i (2n-l) 2 

2007) 

6 . f(x) 


2008) 


7- / W = 


' 7DC , 0 < X < 1 
7t(2-x) , l<x<2 

2, - 2 < x < 0 

x, 0 < x < 2 


, s fx, 0<x<2 111 k 

8. f(x) = < and hence prove that 1- +-+ ••• = — 

v ’ x + 2. 0<x<l 3 5 7 4 


(Nov 2003) 


(Apr 


(Nov 


(May 


(Nov 2008) 
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9. f(x) = x(2-x) in 0< x<2 and deduce ]T _ ^ r + ^" + "' 


00 


11 - /(*) 
12 . /(*) 


í x, 0 < x < 1 
[0,1< x< 2 

fl, 0 < x < 1 
[2,1 < x< 3 


(Nov 2008) 
(Nov 2010) 
(May 2011) 

(May 2013) 


HALF RANGE FOURIER SERIES 

Find the half range Fourier sine series for the following functions 


.2 - 1 — , in ( 2/í + i)^ 

7C 3 o (2n + l) 3 v '/ 


1. f(x) = lx-x 2 ,(0, l) andS.Tf(x)= 


2011 ) 

2. f(x) = sinax, 0 < x < / 


x0 

cr 


on 


(Nov 2001,2006, 2009, 
(May 2002) 


3. f(x) = kxíl-x),0<x<l and hence deduce that + —qo 

F 3 3 5 

2003) 

4. f(x) = xsmx,Q < x< 71 
2005) 

5- f(x) = 

(Apr2007) 

6. f(x) =e x , 0< x < 1. 



7- /(*) = 


2x _ l 
— ,0< x< — 

l 2 

— (l — x), —<x<l 

r ’ 2 


8. f(x) = cos x, 0 < x < 71 

2009) 


(Nov 


(Nov 


(May 2010) 


(Apr 


9. f (x) = XCOSX, 0 < X < 71 
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(Apr 2009) 


1 1 u 

10 . v = x, 0 < x< n and deduce -^ + —- + >--oo =— 

l 2 2 2 6 


11. f(x) = x, O <x<l 

2011 ) 

Find the half range Fourier cosine series for the following 

2 11 
f(x) = (x-l) , 0 <x<l and hence deduce that — + — + ---oo = — 

12 6 


2. f(x) = x 2 , 0 <x<n 


(Nov 2000, May 2008) 
(May 2011) 


3. f(x ) = e x , 0 < < k. 


4- /(*) = 


2002 ) 


* , (0, 1) 

2-x, (1, 2) 


5. f(x) = sinx, 0 < x < k 


6. /(x) = 

2003) 


x , 0 < x < 1 
2-x , 1 < x < 2 


7. /(x) = xsinx, 0 <x<k 
2005) 


8. /(x) = x(tt — x), 

2007) 


7 -f 11 


0 


c? 


(Nov 2001, Apr 2009) 


5 ? 


cr 


h 


(Apr 2003, Nov 2004) 


CO ^ 

9. /(x) = x, 0<x</ and hence find the value of ^ — 


(Nov 2010) 


10. /(x) = x, 0 <x< 71 and hence find the value of V — 

1 . 3,5 n 

2009) 


11. /(*) = ■ 


x , (0, |) 

n-x, (—, Ti) 


(Nov 2008, May 2010) 


12. f(x)=X 3 ,0<X<7T 


(Nov 2011) 
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(Nov 2011) 


13. f(x) = 1, 0 <x<n and hence find the value of 


1,3,5 n 


14. f(x) = sinx, 0 <x<7r . (Nov 2012) 

8. Explain - Dirichlefs conditions, Periodic functions. 

9. State Dirichlefs conditions. Expand f(x) = x + x 2 in -n<x<n in Fourier series. 

(Nov 2009) 


UNIT-V 


COMPLEX FORM OF FOURIERSERIES 

Find the complex form of Fourier series for the following 


1 . f(x ) = e x —ti <x<n. 

2 . f(x) = e~ X ,—7T <X<7T. 

3 . f(x) = e x ,-l < x < 1 . 

4. f(x) = cos ax-n <x<n. 

5. f{x) = e 2x ,0 <x< 2 tz. 

6 . f(x) = e ax ,- 7 r<x< 7 r. 

7. /(jic) = sm^,0<jc<^. 

8. f(x) = smax-Tt <x<n. 

Parsevel’s Theorem 


<a 


<3^ 


5? 


xO 

cr 


1 


(Nov 2003) 
(Nov 2010, 2011) 
(Nov 2002) 

(Nov 2005) 

(Nov 2006) 
(May 2011) 
(Apr 2007) 
(Apr 2008) 


1. Obtain the Fourier se. bs of period 2 n , for the function f(x) = x 2 in . Specify the sum 

of the series at the end points x = (-7r,7r). Deduce the sum of the series, 1 + ^- + ^- + ... 


OO | 

2. f(x) = x,0<x<l and hence deduce that Y — 

,.=i.3,5 n 

3. Obtain the sine series for unity in the interval 0 < x < n , and hence deduce that 



Find the Fourier series up to second Harmonic for the following function. 


1 . 
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7. The following values of ygive the displ&oement in inches of a certain machine part for 
the rotation x of the flywheel. Expand y in terms of a Fourier series (May 2011) 






UNIVERSITY QUESTION PAPERS 


ET31 

B.Tech DEGREE EXAMINATION, NOVEMBER 2010 
Third Semester 
Common to all branches 
MATHEMATICS-III 

Time: Three hours Maximum :75 marks 

SECTION A 

Answer ALL questions. 

All questions carry equal marks. 

1. Show that an analytic function with constant real part is constant. 

2. Show that u = 3 x 2 y - y 3 is harmonic. 

3. State Cauchy’s integral formula. 

dz 


C uZ i I 

4. Evaluate —— where C is the circle \z =2. 

J z + 4 1 1 


5. Determine the value of a n in the Fourier series expansion of f(x) = x 3 in -n < x < n . 

6. Find the root mean square value of f(x) = x 2 in the interval (0,;r). 

SECTION B 
UNIT II 

7. (a) Find the bilinear transformation which maps the poin + ; z = 0 , -i, -1 into w = 1 ,1,0. 

(6) V V (b) lf 


f{z) = u+iv is analytic, prove that 


' d 2 õ 2 ^ 
y õx 2 J 

(OR) 


log /(c)| = (). 


(5) 


8. (a) Find the image of the circle |z| = 2, Under the jansformation w = 3z. (6) 

(b) verify that the families of curves u=c l and v = c 2 cut orthogonally when u + iv = z 3 

(5) 


UNIT 


(a) Evaluate J- 


z.dz 


1 


(z-l)(z- 2) 2 

(6) (b) Find Laurem series of f(z) = 


where C is \z - 2| = — by using Cauchy’s integral formula. 


1 


(z + lXz + 3) 

(OR) 


valid for the region 1< z <3. (5) 


2 71 

9. Evaluate J - 


cos 3# 


using contour integration. 


5-4cos0 

UNIT IV 

10. Express f(x) = xsinx as a Fourier series in . 

(OR) 

00 1 n 2 

11. Obtain the sine series for f(x) = x in 0 < x < n and hence deduce ^ — = — . 

n =i n 6 

( 11 ) 

UNIT V 

12. Obtain the first two harmonic for the function y = f(x) given below: 


( 11 ) 

( 11 ) 


x:0 

1 

2 

3 

4 

5 

y:4 

8 

15 

7 

6 

2 


( 11 ) 
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ET31 

B.Tech DEGREE EXAMINATION, NOVEMBER 2010 
Third Semester 
Common to all branches 
MATHEMATICS-III 

Time: Three hours Maximum :75 marks 


SECTION A 

1. Write the C.R equations in Cartesian coordinates. 

2. Find the invariant points of the transformation w = 


1 + z 
1 -z 


c z +1 

3. Evaluate ——dz , where C is a circle of unit radius and center at z = i. 

J . z -1 


4. Find the singularities/poles of /(z) = —— . 

cosz 

5. Find the constant term in the Fourier series of 

f(x) = cos 2 x, —k< x<7r;f(x + 2 n) = f (x). 

6. What is called harmonic analysis? 


<ò 


SECTION B 
UNIT II 

7. (a) Find an analyticfunction/(z) = w + rv, if r/-v = c l (cosy-siny). (5) 

(éw^ =4|/ ' (z)r<6) 


(b) 


If f(z) is an analytic function of z , prove that 


(OR) 

8. Find the bilinear transformation that maps i, 1 and -1 of the z- plane onto 0 ,1 and oo of 
the w- plane. Show also that this transformation maps the interior of the unit circle of the 
z-plane onto the upper half of the w-plane. (11) 


UNIT 


9. (a) Using Cauchy’s residue theorem , evaluate J 

c 

(5) 


z-2 


z(z- 1) 


-dz where C is the circle z = 2 


(b) 


Expand /(z)^ 


2< z <3. 


2 1 

z -1 


(z + 2)(z + 3) 


as a Laurenfs series in (i) z < 2 (ii) z >3 (iii) 


(OR) 


10. (a) Using Cauchy’s intergral formula, evaluate j 

c 

|z +1 + i \ = 2. 


z + 1 


z +2z + 4 


( 6 ) 


-dz where C is the circle 


(5) 


2 K 

(b) Evaluate J - 


cos 2 9 
5 + 4008 6* 


dO using contour integration. 


UNIT IV 


( 6 ) 
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11. (a) lf /(*) = 


n 1 -A cos nx 


in the range 0 to 2n, Show that /(x) = — + ^ 

12 


(b) Expand /(x) = x,0<x</ as the half range fourir cosine series and hence find the 


co | 

value of X- 


12. (a) For a function f(x) defined by f(x) = |x| , -n < x < n , obtain a Fourier series. Deduce 
t 1 1 1 _ ti 2 

that — T- h—T- -i —— + — — —. (5) 

l 2 3 2 5 2 8 

(b) Find the complex form of the Fourier series f(x) = e~ x , -n < x < n with period 2n . 
(6) 

ET31 

B.Tech DEGREE EXAMINATION, APRIL/MAY 2011 
Third Semester 
Civil Engineering 
MATHEMATICS-III 

Time: Three hours Maxlmum :75 marks 

SECTION A 

Answer ALL questions. 

All questions carry equal mai o. 

1. Write down the C-R equations for an analytic functions f(z). 

2. Define a bilinear transformation. 

3. Define a zero of an analytic function. 

4. Write down the Cauchy’s integral formula for the derivative of an analytic function / (z) 
at z = a on a simple closed curve c. 

5. Find the Fourier constant a 0 for f(x) = (>-x) in the interval (0,2;r). 

6. Define even and odd functions 

SECTION B 
UNITII 

7. If f(z) = (x-y) 2 + 2/(x + V then show that the C-R equations are satisfied along the 
curve x - y = 1. 

(OR) 

8. Find the bilinear transformations that maps the points z 1 = o°; z 2 = i and z 3 = 0 into the 
points w l = 0; w 2 = i and w 3 = co. 

UNIT III 

C z+1 li 

9. Evaluate — 5 - dz where c is the circle z+1 + i\ = 2. 

* z 2 + 2z + 4 1 1 


10. Expand /(z) = - as a Laurenfs series for 0 < |z| < 1 and 0 < |z -l| < 1. 

z(z-l) ! 

UNIT IV 

11. Expand f(x) = \+x as a Fourier series in the interval (-n, n). 

(OR) 

fx for 0<x<l 

12. Expand as a Fourier series of f(x) = < 

[0 for \<x <2 
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B.Tech DEGREE EXAMINATION, NOVEMBER 2011 
Common to all branches 
MATHEMATICS-III 

Time: Three hours Maximum :75 marks 

SECTION A 

Answer ALL questions. 

All questions carry equal marks. 


1. Find — sinz 

dz 

z + 1 

2. Find the fixed points of the mapping w = - 

1 -z 

2+i 

3. Evaluate J z 2 dz along the linejoining the points (0 ,0) and (2,1). 

0 

4. Define Essential singularity and give an example. 

5. State the Dirichlefs conditions for existence of Fourier series. 

6. Find the root mean square value of the function y = x 2 , -tz<x<k . 


fo 


SECTION B 
UNIT II 

7. (a)Define harmonic functions and also show that the real and imaginary parts of an 
analytic functions are harmonic. (5) 

sin 2x 

(b) Find an analytic function f(z) =u+iv ü u + v =---. (6) 


cosh2y-cos2x 


(OR) 


8. (a) Find the bilinear map which maps tr,3 points z = 1, i',-l on to the points w = i,0,-i . 

(5) 

(b) show that the map w = - maps the totality of circles and lines as circle or lines. 

z 

( 6 ) 


9. (a) Evaluate J 




O 


UNIT 


(z + 1 “ 


(b) Expand /(z) = 



z + 3 


(z — l)(z — 4) 


dz where C is the circle z-i =2. 


as a Taylor’s series about z =2. 


10. Evaluate J 


(x 2 + 9)(x 2 +4) 


(OR) 

dx using contour integration. 


(5) 

( 6 ) 

( 11 ) 


UNIT IV 

11. (a) Find the Fourier series to represent the function f(x) given by f(x) = x for 0 < x < ;r 
and 271-x for n<x<2n. (5) 

(b) Compute up to first two harmonics of the Fourier series for the following function 



: 0 

n 

2 n Att 

5zr 

2 n 

x : 

3 

— n — 

3 3 

3 

f(x) : 

: 1.0 

1.4 

1.9 1.7 1.5 

1.2 

1.0 

(OR) 
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12. (a) Find the complex form of the Fourier series f(x) = e x ,-n<x<n with period 2 n. 
(5) 

(b) Expand /(x) = x,0<x</ as a half range Fourier sine series and hence find 

CO 1 

the value of V —. (6) 

\ n 

ET31 

B.Tech DEGREE EXAMINATION, NOVEMBER 2011 
Common to all branches 
MATHEMATICS-III 

Time: Three hours Maximum :75 marks 


SECTION A 

1. Define an analytic function. 

2. Find the image of 1<x<2 under the mapping w = z 2 . 

3. State Cauchy’s integral formula for derivatives. 

4. Expand /(z) = cosz as a Taylor’s series about z = 0. 

5. Define periodic functions. 

6. Find the constant term when f(x) = x,0<x<2/r expressed as a Fourier series. 

SECTION B 
UNITII 


7. (a) lf f(z) is an analytic function of z , prove that 


f d 2 


a2 A 


^ õx 7 õy 2 ) 




m\=A\fXz)\ (5) 


(b) Show that u(x, y) = 3 x 2 y + 2x 2 - y 3 - 2y 2 is a harmonic function and find an 


( 6 ) 


analytic function f(z) such that f(z) = u+iv. 

(OR) 

8. Define bilinear transformation. Find tht bilinear trnnsformation which maps the points 
z =!,/,-! on to the points w = i,0,-i . Flence find the image of \z\ = 1 . Also find the 
invariant points of this tra sforn. ^tion. 


UNIT 


9. (a) Use Cauchy integral formula to evaluate í 


4+1 


(b) Expand f(z) = 


2 < z <3. 




( 11 ) 

-dz where C is |z| = 3 (5) 


2 , 
Z -J 


(z + 2)(z + 3) 


. (z-lXz-2) 

as a Laurenfs series in (i) |z|<2 (ii) |z|>3 (iii) 


( 6 ) 


10. Evaluate J 


11-lf /(*) = ■ 


(OR) 

x 2 - x + 2 , 

—:-r-rfxusing contour mtegration. 

x +10.x"+9 

0 , -K < x < 0 


( 11 ) 


UNIT IV 


sin x 


...... 1 sinx 2-Acos2 mx .. 

, prove that f(x) = — + -> ---.Flence 

0 < x < ^ n 2 n 4m 2 -1 


Show that —-—+ —- 

1.3 3.5 5.7 


7T-2 


( 11 ) 


(OR) 


12. (a) Find the half range sine series of the function /(x) = /x-x 2 in 0<x</. (5) 

(b) Find the half range cosine series of /(x) = x 3 in 0 < x < n. (6) 

UNIT V 
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13. (a) By using the sine series of f(x) = 1 in 0 < x < n , and hence find the value of 

(5) (0R) 

14. (a) Find the complex form of the Fourier series f(x) = e x ,-n<x<n with period 2 n 
.(5) 

ET31 

B.Tech DEGREE EXAMINATION, APRIL/MAY 2012 
Third Semester 
Common to all branches 
MATHEMATICS-III 

Time: Three hours Maximum :75 marks 

SECTION A 

Answer ALL questions. 

All questions carry equal marks. 

1. Find the analytic region of/(z) = (x-y) 2 +2i(x+y). 

6 z — 9 

2. Find the fixed point of the transformation w = - 

z 

3. State Cauchy’s integral formula. 

4. State Taylor’s theorem. 

5. Find the value of a 0 in the cosine series expansion of f(x) = x in (0,5). 

6. Find b n in the expansion of x 2 as a Fourier series ir (-n t) . 

SECTION B 
UNITII 

7. (a) Prove that the function u = e x (xcosy-ysiny) satisfies harmonic equation.(5) 


(b) Find the image of \z-2i\ = 2 under the transformation w = -. 


( 6 ) 


(OR) 


8. Find the mobius transformation that maps the points z = 0,1, co into the point w = -5,-1,3 
respectively. What are the invariant points of this transformation. (11) 


9. (a) Evaluate J 


sin^z 2 +cos;rz 2 


(z-1) 2 (z-2) 

(b) Find Laurenfs series expansion of /(z) = 


UNITIII 

dz where C is the circle |z| = 3. 

7z-2 


(5) 


-m 


10. Evaluate J 


x dx 


i(x 2 +a 2 )(x 2 +b 2 ) 


z(z-2)(z + l) 

(OR) 

by using contour integration. 


1 < | z +1| < 3. 


( 6 ) 


( 11 ) 


UNIT IV 

11. (a) Obtain the Fourier series to represent the function f(x) = x, -n<x<n and 


. . 1 1 n 2 

deduce that — + — + .... = —. 

I 2 3 2 8 

(b) Find the half-range sine series for (x-1) 2 in (0,1). 

(OR) 


( 6 ) 

(5) 


12. (a) Find the Fourier series expansion of period 21 for the function f(x) = (1 -x) 2 in the 

1 


range (0, 21). Deduce the sum of the series ^ 


( 6 ) 


n 
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(b) Compute the first two harmonic of the Fourier sine series for f(x ) from the following 
data. 


X 

: 0 

30 

60 

90 

120 

150 

180 

f(x) : 

: 0 

5224 

8097 

7850 

5499 

2626 

0 


4603013 

B.Tech. DEGREE EXAMINATION, NOVEMBER 2012 
Common to all branches 
MATHEMATICS-III 

Time: Three hours Maximum :75 marks 

SECTION A 

Answer ALL questions. 

1. Show that the analytic function with constant real part is constant. 

2. Prove that u(x, y) = e x sin y is harmonic. 

dz 


C 

3. Evaluate -— r whereCis z =1. 


_(z-2) 2 

1. State Cauchy’s residue theorem. 

2. Find the half range Fourier sine series for f(x) = e x ,Q<x<n . 

3. Write the complex form of Fourier series for /(x) defined in the i terval (c, c + 21), 

SECTION B (5x11 = 55) 

UNITII 

1. (a) Find the analytic function w = u + iv if u = e T (xcosy-ysin y). (5) 

(b) Prove that /(z) = z 2 is analytic and find its c erivative. (6) 

(OR) 

2. (a) Find the image of \z -2i\ = 2 under the transformaíion w = —. (5) 

z 

(b) Find the bilinear transformation which maps the points -1,0,1 onto — 1, — 1 . (6) 

UNIT III 

3. (a) Expand /(z) = sinz as a Tavlor series about the point z = — (or) in powers 

4 


of 


c n \ 

z — 

4 




U<J LX I U 

e 


(b) Using Cauchy’s Residue theorem, evaluate | 

c 

c is |z| =3 

(OR) 

CO 

, , , , r xsinx , . x x 

4. (a) Evaluate —- -dx using contour integration. 

J v 2 -I - n l w ^ 


sin^z 2 +cos^z 2 


(z + lXz + 2) 


(5) 


dz where 


( 6 ) 


( 6 ) 


3^1 1 

(b) Evaluate Cauchy’s integral formula [ —- dz where C is the circle |z| = —. 

J z -z 0 


UNIT IV 

5. (a) Obtain the Fourier series of the periodic function defined by 

[-TC ,-n<x< 0 
f(x) = \ 

[ X , 0 <X<7T 

(b) Expand the function f(x) = sin x, 0<x<^.in Fourier cosine series. (5) 


( 6 ) 
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, . fl, 0<x<l 

a) Obtain the Fourier series expansion of f(x) given that / ( x) = 

[2,1 < x < 3 

(b) Compute the first two harmonics of the Fourier series of f(x)given by the following 
table. 


X 

0 

n 

y 

2 n 

T 

n 

4 n 

T 

5n 

T 

2 

n 

f(x) 

1.0 

1.4 

1.9 

1.7 

1.5 

1.2 

1.0 


UNIT V 

fcosx,0<x<a 

7. Find the Fourier cosine transform of /(x) = < 

[ 0, x > a 

B.Tech. DEGREE EXAMINATION, APRIL 2013 


Common to ali branches 
MATHEMATICS-III 


Time: Three hours 


Maximum :75 marks 


SECTION A (10 x 2 = 20) 
Answer ALL questions. 

1. Show that fiz) = sin z is an analytic function. 

2. Define conformai mapping. 

1. Evaluate J log z dz where C is the unit circle |z| = 1. 


e> 


h 


2. Expand the function /(z) = 


is Laur». nt” series about z=1. 


3. Find the half range Fourier sine serie" for/(x) = /-x, (0,/).. 

4. State Parseval’s theorem 

SECTION B (5x11 = 55) 

UNIT II 

1. Show that // = ^-log(x 2 + y 2 ) is Flarmonic and determine its conjugate. Also find 

fiz). ( 

(OR) 

2. Find the bilinear transformation of points -1,0,1 onto 0, i,3i respectively. (11) 

UNIT III 

2 

Z 

3. Find the residue of fiz) =-~- at each of its P oles - í 1 

(z-1) iz + 2) 


4. Evaluate J 


5-4sin6 ) 


by using contour integration. 


UNIT IV 


. . . . íl, 0< x<l 

5. Find the Fourier series of/(x) given that f{x) = < 

2,1 ^ x ^ 3 


5. Find the Fourier series of period 2n for the function /(x) = cosx,0<x<2;r (11) 
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B.Tech. DEGREE EXAMINATION, NOV 2014 
Common to all branches 
MATHEMATICS-III 

Time: Three hours Maximum :75 marks 

SECTION A (10x2 = 20) 

Answer ALL questions 

1. When do you say a function f(z) is analytic at a point z = z 0 ? 

2. State the necessary condition for /(z)to be analytic in polar coordinates. 

a 2 

3. Obtain the criticai points of the transformation w = a + — 

z 

4. Check whether w = — is a bilinear transformation or not? Justify your result. 

z 

5. State Cauchy’s integral theorem. 

6. Find the formula for residue of /(z)at z = z 0 , a double pole. 

7. Define periodic function with period p. 

8. StateDirichlefs condition for the existence of Fourier series of /(x) 

9. Write down the formula for complex form Fourier series of /(x) in (0.2/r) 

10. State Parseval’s theorem on Fourier series of /(x) in (-/,/) 

SECTION B (5x11 = 55) 

UNITI 

11. Determine the analytic function whose imaginary part is | 

(OR) 

12. Show that the function u(x, y) = e x (xcos y + y sin y ) : s harmonic and find its conjugate 
v(x, >’) such that /(z) = u + iv is analytiç v 

I IKIIT II 



13. Discuss the transformation w = z 2 

z 2 -1 

14. Expand/(z) = 




in ^L-mrenfs series if2 <1 z k 3 

(z + 2)(z + 3) 

UNIT III 


15 .Evaluate using Cauchy’s integral formula, J 

c 

I z +1 + 1 1= 2 

d0 


z + 1 


(z +2z + 4) 


dz, where C is the circle 


(OR) 


2 71 

16. Evaluate í- 
i I 


- 2a sin 9 + a 2 


by using contour integration where 0 < a < 1. 

UNIT IV 


17. Express /(x) = (^-x 2 )as a Fourier series of periodicity 2/r in 0<x< 2/rand hence 

deduce V — 
tín 2 

(OR) 

18. Find the half range cosine series for the function /(x) = (x-1) 2 inO<x</. Flence show that 
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UNIT V 


o° 1 2 

^ 1 71 

2^~2 

n =1 ^ ^ 


19. Expand/(x) = x-x 2 as a Fourier series in -/ <%< / and using this series find the root 
mean 

square value of /(x) in the interval. 

(OR) 

20. Compute the first three harmonics of the Fourier series of /(x) given by the following table: 


x: 


0 

n 

2 n 

— n 

3 

An 

5 n 

I 

T 

T 

1.0 

1.4 

1.9 1.7 

1.5 

1.2 


B.Tech. DEGREE EXAMINATION, APR 2015 
Common to ali branches 
MATHEMATICS-III 

Time: Three hours Maximum :75 marks 

SECTION A (10x2 = 20) 

1. Verify whether the function /(z) = z is analytic function or not. 

2. Show that u = 2x-x 3 + 3xy 2 is harmonic 

3. Find the map of the circle I z 1= 3 under the transformatiun w = 2z ■ 

4. Prove that the bilinear transformation has at most two fixed points 

r z 1 

5. Evaluate --- dz where C is the circle I z 1= - 

r (z-l)(z-2) 2 


h 


Z2z 


6. Calculate the residue of /(z) = 




at its pole. 


7. Write the condition for the function /(x) to satisfy for the existence of a Fourier Series. 

8. Obtain term constant a 0 of the Fourier Series for the function /(x) = x 2 ,-n<x<n. 

9. Define the root mean square value of /(x) over the interval (, a,b ) 

10. What is meant by Plarmonic Analysis? 

SECTION B (5x11 = 55) 

UNIT I 

sin 2x 

11. Determine the analyt, function whose real part is ——- 1 —— (OR) 


cosh 2y - cos 2x 


.V 


12. Prove that u=x z -y z and v = —^—^are harmonic but u + iv is not regular. 

x" + _y 

UNIT II 

13. Find the bilinear transformation which mapsthe points z = 0,-/,-l into w> = i',l,0 
respectively. 

(OR) 

14. Find the image of I z 1=2 under the mapping (a)w= z+3+2i (b)w = 3z 

UNIT III 


15. Using Cauchy’s integral formula, evaluate j 


sin^z 2 +cos^z 2 
(z-lXz-2) 


dz where C is I z 1= 3 (OR) 
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Z.H 

16. Evaluate J 


cos 20 d 9 
5 + 4COS# 


using contour integration. 


UNIT IV 


17. Obtain the Fourier series of the periodic function defined by /(x) = 


-n, n < x < 0 
x, 0 <x<n 


111 Ti 

Deduce that — + —r- + — + ...oo = — (OR) 
l 2 3 2 5 2 8 

18. Find the Half range cosine series of that function /(x) = x(tt-x) in the intervalo<x< n. 

u ^ 111 n 4 

Flence deduce -= + —r + —r + ...oo =— 
l 4 2 4 3 4 90 

UNIT V 

19. Compute up to first two Flarmonics of the Fourier Series of /(x) given by the following table: 

x: 0 T/6 T/3 T/2 2T/3 5T/6 T 

f(x ): 1.98 1.3 1.05 1.3 -0.88 -0.25 1.98 

(OR) 

20 Find the complexform of Fourier Series of cos cu in (—tt, tt) ,where a is not an integer. 

B.Tech. DEGREE EXAMINATION, NOV : !015 
Third Semester 
Common to all branches 
MATHEMATICS-IÍI 

Time: Three hours Maximum :75 marks 

SECTION A (10x2 = 20) 

Answer ALL questions. 

1. Test the analyticity for f(z) = z n . 

2. Prove that v = 3x 2 y + x 2 - y 3 - y 2 is harmonic. 

1 + z 

3. Find the invariant points of w = -. 

4. Define essential singularity with an example. 

Í dz 

—where C is |z|=3. 

7-9 


6. Find the resic' le^of \z) --^-— at its poles. 

(z-llz-2) 

7. When does a fun<_ ; on process a fourier series expansion in terms of trigonometric 
terms? 

8. If /(x) = x 2 +x is expressed as a fourier series in the interval (-2,2) to which value this 
series converges at x=2? 

9. If the fourier series corresponding to /(x)= xin the interval (0,2;r) is 

ct ^ 

— + cos nx + b n sinnx)without finding the values of a 0 ,a n andb n find the value of 

2 „=i 


ík 2 +fv)- 


10. Write down the complex form of the fourier series of f(x) in (0,2/)and euler’s formula 
for the associated fourier coefficient. 

Section -B 
UNIT I 
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( d 2 d 2 ''l 

11. If f(z) is a regular function of z, prove that — y + —- I /(z)l 2 = 41 /'(z) I 2 .( I 


&c 2 ay 2 


Internai) 


12. Find the analytic function f(z) = u + iv if u+v = - S ' n -. 

cos 2x + cosh 2y 

UNITII 

13. (a) Prove that the region outside the circle |z|=1 maps onto the whole of the w-plane 

under the transformation w = z + - . 

z 

(b) Find the bilinear transformation which maps the points z = 1,2,3 onto w = -1,qo,5. 

OR 

14. (a) Discuss the transformation w - sin z. 

(b) Find the Laurenfs series of /(z) = —r ——t in the region 1 <1 z +1 k 2. 

z(l-z) 

UNITIII 

2z 

15. (a) Evaluate f __ dz where C is the circleI z -11= 1, using Cauchy’s integral formula. 

J (z-1) 4 

(b) Evaluate f— 4 ~ 3z — d- where C isl z 1= using Residue tf eorem. 

J z(z-lXz-2) '' 2 


16. Using Contour integration, evaluate 


(x 2 + 4 Lr ml 


mg Hesiaue t: 

xfo 


UNIT IV 


17. Obtain the Fourier series for the functic i given by f(x) = í x + 1 

v x +1 

t 1 1 1 n 2 

prove that -r + — + — +.= —. 

I 2 3 2 5 2 

nn 


—x + 1 -n < x < 0 
x + 1 0 < x <n 


.Flence 


°R 

18. Find the half range sine serko of f(x) = l-x in (0,/) 


Hence Show that — + — + — + . j. = — . 

I 2 2 2 3 2 6 

UNIT V 

19. State and prove the Parseval’s identity on Fourier series. 

OR 

20. Find the Fourier series upto third harmonic. 


x: 

0 

n 

2 n 

K 

4 n 

5 n 

2tt 



3 

T 


T 

~3~ 


y: 

1 

1.4 

1.9 

1.7 

1.5 

1.2 

1 
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Time: Three hours 


B.Tech. DEGREE EXAMINATION, MAY 2016 
Third Semester 
Common to all branches 
MATHEMATICS-III 

Maximum :75 marks 

SECTION A (10x2 = 20) 

Answer ALL questions. 


1. Show that the function /(z) = z is no where differentiable. 

2. Show that u = 2x-x 3 +3xy 2 is harmonic 

3. Find the bilinear map which maps the points I, 0 of plane onto 0, I, 00 of the plane. 

3 -z 


4. Find the fixed points of the mapping w = 


1 + z 


5. State Cauchy’s integral theorem. 

'T 

6. Find the residue of /(z) = 


(z-lf 


at its pole . 


7. Sate Dirichlefs conditions. 

8. Find b n the expansion of f(x) = x 2 as a Fourier series in (-tt, tt) 

9. Find the root mean square value of the function f(x) = x in the interval (0,/) 

10. What do you mean by Harmonic Analysis? 

SECTION B (5x11=55) 

Answer ALL questions choosing, ONE full question from each Unit 

UNI1 . 


11. If f(z) is analytic function of z, prove that 


■ + ■ 


õ 


2^1 


(OR) 


\f(zf =4\f\z)\ 2 


13. Expand f(z) = 




xcos V -1 

<ò 


12. Prove that function u = e A (xqosy + ysiny)is harmonic and determine the corresponding 
analytic function f(z) = u + iv 

UNIT II 


(z + 2)(z + 3) 


as a Laurenfs series if (a)2<|z|<3 (b)|z|>3 

(OR) 


14. Find the bilinear transformation mapping the points z = 1, 1 into the points w = 2, i-2 

UNIT III 

clz where C is I z 1= 3 

(OR) 


5. Evaluate J 


sin^z 2 +cos^z 2 


16. Evaluate J 


(z-lXz-2) 
x 2 dx 

(x 2 +a 2 )(x 2 +b 2 ) 


, a>0, b>0 


UNIT IV 
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17. Expand f(x) = x(2n - x) as a Fourier series in (0, 2tt). Hence showthat 

111 n 2 

—+ —- + —- + ...oo =- 


(OR) 

18. Find the Fourier series f(x) of with period 21 defined by f(x) 

deduce that I-- + --- + ...00 = — 

3 5 7 4 


l -x. 


0 , 


0 < x < 1 
I < x <21 


. Hence 


UNIT V 


19. Find the Fourier series expansion of f(x) = x 2 in -n <x<n. Hence show that 

111 7T 4 

—r H-r H-r + .. .00 —- 

l 4 2 4 3 4 90 

(OR) 

20 Compute up to first two Harmonics of the Fourier series of f(x) from the following table: 
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